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OvBpB Zerfall im minimalen links-rechts symmetrischen Modell:

In dieser Arbeit berechnen wir die differentielle Zerfallsrate von Or83 im mini-
malen links-rechts-symmetrischen Modell (mLRSM) im Rahmen einer effektiven
Feldtheorie bei niedrigen Energien. Wir studieren die grundlegende Modellbil-
dung des mLRSM aus der Literatur und leiten die Massenskalen der beteiligten
Teilchen ab. Diese Massen sowie die Kopplungen des Modells spielen eine
entscheidende Rolle im OvB8B-Prozess, um die Zerfallsamplituden zu berechnen.
Wir geben die Amplitude jedes Diagramms an und berechnen die differentielle
Zerfallsrate. Das Herleitungsverfahren vom Modell zur Zerfallsrate ist fiir Stu-
denten hilfreich, um die Beziehung zwischen theoretischen Modellen und Experi-
menten zu verstehen und dient als Ausgangspunkt flir weiterfithrende Forschung.
Am Ende zeigen wir die resultierenden Ausdriicke der differentiellen Halbwert-
szeiten, Einzelelektron-Spektren sowie der Winkelkorrelationen, die aus den ver-
schiedenen Beitréigen resultieren.

Ovf3f5 decay in the minimal left-right symmetric model:

In this thesis we calculate the differential decay rate of OvS8 in the minimal
left-right symmetric model (mLRSM) using the low energy effective approach.
We study the fundamental model building of the mLRSM from the literature
and derive the mass scales of the involving particles. These masses as well as
the couplings of the model play a crucial role in the Ov33 process for amplitude
derivations. We give the amplitude of each diagrams and calculate the differential
decay rate. The derivation procedure from the model to the differential decay
rate is helpful for students to understand the relation between theoretical models
and experiments, and it can be duplicated in studying different models. In the
end, we show the differential decay rate spectra, angular correlation spectra, and
the half-life expressions.
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1 Motivation and Introduction

The Standard Model (SM) [1] is a milestone of the development of theoretical particle
physics, which describes particles and the behaviors of particles under strong, weak
and electromagnetic forces [2]. The latter two have been unified into electroweak
mechanism which performs a more elegant explanation for leptons [3, 4, 5]. Devel-
oped in the early 1970s, the SM has successfully become established as a well-tested
physics theory after extensive precise experiments, especially high energy colliding
experiments with large colliders such as LHC and LEP [6].

However, starting in the 1970s, physicists began to search for more precise sym-
metries to explain the physics beyond the SM (BSM) [7]. One of the phenomena,
though the neutrino oscillation had not been conclusively confirmed at that time,
promotes theories for massive neutrinos [8]. This phenomenon is not included in
the SM theory, where neutrinos are Dirac particles and are assumed to be mass-
less. The massive neutrinos, which are electrically neutral fermions, provide a hint
that neutrinos can be Majorana particles [9]. Accordingly, the question of whether
neutrinos are Majorana or Dirac particles becomes a crucial aspect in the search
for new BSM physics [10]. In theoretical perspective, physicists have created sev-
eral models to match the existing or upcoming experimental results, including those
that are gauge invariant with Majorana particles. The most propitious candidate
experiment for studying massive Majorana neutrinos is the neutrinoless double beta
decay (OvfBB) which indicates the violation of lepton number conservation. It is
necessary to derive the decay rate of the Ov33 decays in order to put constraints on
new physics parameters and to distinguish the underlying mechanism of the lepton
number violation physics [11, 12]. The expressions of the decay rate depend on the
choice of different models and mechanisms [13]. These predictions play a significant
role in understanding the deep mechanism of neutrinoless double beta decay. How-
ever, people will only know whether the models are worthy or not once the process
is observed [14]. In this thesis, we will calculate the neutrinoless double beta decay
rate under the the minimal left-right symmetric model and give constrains on the
effective Lagrangian couplings.

In chapter 2, we will talk about the mass mechanism of neutrinos and review the
Dirac and Majorana type neutrino terms in the SM. A few pages are added to the
last part of chapter 2 to explain the neutrino oscillation. In chapter 3, we will review
the model building of the minimal left-right symmetric model (mLRSM) and derive
the lepton and boson mass scales. Calculations are mainly performed in chapter 4,
where we show the explicit calculation for tree-level differential decay rate under the
mLRSM. We will give the numerical values of the phase space factors for *Xe, and
draw the single electron kinetic energy spectrum and the angular correlation. One



could also find some useful tools for doing the calculation in the Appendix I.

Prerequisite
1. We are using the natural unit [15] where
h=c=1 (1.1)

where 7 is the reduced Planck constant. i = 4-, h is the Planck constant [16]. ¢ is
the speed of light. In this case, the electron mass is

me = 9.109 x 10~*kg ~ 0.511MeV (1.2)

2. The relativistic 4-dimensional metric tensor we are using is:

1 0 0 0

oo =1 0 o
g;w_g# = 0 0 1 0 (13)

0 O 0 -1

Sometimes it is written as 77,,,, n* in Minkowski coordinates. Define gamma matrices
in 4-dimensional space v* = (7°,7',72%,73). They satisfies the anticommutation
relation,

{4 =AY+ = ¢" v (1.4)

The transformation of the upper or lower indices is through the metric acting on
the gamma matrix: v, = g7 = 7 = (Y0, =71, =72, —73), where the same in-
dex is so-called the “dummy index” and stands for Einstein summation [17], e.g.
Y = G = 9" = 07" + 1yt + 127* + 137, The upper and lower
Lorentz indices are sometimes called the contravariant and covariant indices, re-
spectively [18]. In different representations, gamma matrices have different content.
Define the additional fifth gamma matrix v° = i7°y'+293 or v5 = 79717273, and i is
the imaginary unit. 4® matrix is Hermitian v°' = 4% and the square equals identity

(7°)* = I4x4. These can be found in quantum field theory books, e.g. [19, 20, 21].



2 Neutrino Mass

The “Neutrino” was first postulated by Wolfgang Pauli in 1930 in his letter “Liebe
Radioaktive Damen und Herren” [22]. He introduced this electric neutral particle
with mass similar to the electron mass to explain the energy and the momentum
conservation in beta decay. In 1956, the electron neutrino was first discovered by
Reines and Cowan in the inverse beta process from a nuclear reactor [23]. When
the muon neutrino was later observed in pion decay in 1962 at Brookhaven National
Laboratory [24, 25], the concepts of lepton families became more acceptable in theo-
retical models [26]. Finally in the 1970s, the combination of electroweak interaction
theory and the strong interaction theory gave the birth of the SM [27, 28]. In this
chapter, we will review the theories of the neutrino mass from an overview perspec-
tive instead of a historical one. We will introduce the SM and consider how we can
add neutrino masses to fix the model. In order to better understand the neutrino
mass, we will review the neutrino oscillation and the neutrino mixing matrix (PMNS
matrix) in section 2.5. For historical review, see [29].

2.1 The Standard Model Lagrangian Reuvisited

In this discussion, we only take into account the electroweak interactions and leave
the strong interactions for a minute, which means that the symmetry group con-
sidered here is SU(2) x U(1). More precisely, due to the unobserved right-handed
current, people built up the chiral asymmetry that places the left-handed particles
into doublets and right-handed particles into singlets, i.e. the symmetry group is
SU(2)r x U(1)y. The conserved charge is Q) = I3 + Y/2, where I3 is the isospin
and Y is the electroweak hypercharge. The Lagrangian in this case contains the
kinetic terms (gauge boson fields, fermion fields, Higgs bosons), the Yukawa terms,
and the potential terms. We can write down the Lagrangian with three generations
of fermions as follows (only in SU(2), x U(1)y) [30],

L =L+ L+ L+ L+ V(D) (2.1)

where “g”, “f”, “H”, and “Y” represent the gauge, fermions, Higgs, and Yukawa,
respectively. There is no term for gluon color field interaction since we only consider
the symmetry group SU(2), x U(1)y. We can define each terms separately. The
first terms is the gauge fixing of the bosons fields,

1 v 1 v
.,g/ﬂg = _ZWM W/W - ZIBM B}U/ (22)



2.1 The Standard Model Lagrangian Revisited

where W, B are gauge bosons and WH"% = gFIW»* — gV WHe BH = g BY — 9" B*
are the field strength tensor. The second term is the fermion kinetic term with gauge
fixing, and it is defined as

L= Z LiilDL; 1 + Z QirilpQir

i=e,l,T 1=1,2,3

—. . 2.3

+ Z LiriDli g + Z GriDair (23)
i=e,,T i=u,c,t
or i=d,s,b

and we use the standard notation ) = v*D,,, where v* is the gamma matrix. The
covariant derivative is given as

o Y
D =9, —|—ZgSM W, +gSM2 (2.4)

where Y is the hypercharge (one need not to be confused with the Yukawa couplings).
7 = (01,09, 03) are Pauli matrices. The left-handed fermion fields are,

Ve v, (Vs
), ), (), e
Qi = (Z)L Qo1 = <§)L Qs = (Z)L (2.6)

while the corresponding right-handed singlets are q;f’g and [; p where ¢, [ represent
quarks and charged leptons respectively. u, d are up type and down type quarks. L is
defined in the usual way as L = LT7°. The fields with chiral indices are expressed by
acting with the chiral projection operator P g on the original fields. For example,
the left-hand field of an arbitrary fermion field ¥ is P,V = r\If - The projection
operator is defined through the gamma-5 matrix: Ppp = HT” The Higgs kinetic
term is defined as,

Ly = (DM(I))T(DMCD) (2-7)

The Higgs field ® is a doublet with hypercharge Y4 = 1 in order to contract with
the left-handed doublets in the Lagrangian. The Yukawa term is defined as

H=— 3 (WTa0la+YiTr0 L) = > (Vi@ir®aln+ Vi Ta® Qi)
iijE’H»T 7,21,2,3
Jj=u,c,t
- Z (Y;?Qz‘,L‘I)Q;{R‘FY qj, RCI)TQi,L> (2.8)
i=12,3
j=d,s,b



2 Neutrino Mass

where Yif}“’d are the Yukawa couplings. The potential term contains information
about the environment, or more precisely, the “vacuum”. This term gives the po-
tential field with which the other fields interact. From the simplest renormalizable
“p*” toy model, we know the potential term has O(N) symmetry and indicates
a non-trivial vacuum expectation value (VEV) [19]. This non-trivial VEV leads
to a so-called spontaneous symmetry breaking (SSB) mechanism, which automati-
cally generates the mass of the gauge bosons. We use the ¢! potential in the O(2)

symmetry here,

1 A
V(®) = §,u2<I>T<I> + Z(qﬂ@)? (2.9)
where ®f = (ﬂ, ¢£) We can find global minima when the potential satisfies Z—‘f =
Z—V = 0. That is,
2
2 2 N2
|f1]” + [d2]” = —=- (2.10)

A

which indicates a massless field and a massive field in the polar coordinates. Let us
define the vacuum Higgs field under the operator Q) = I3+ % is ® = ((b+ (bO)T and
only the neutral field ¢g gains the VEV due to the conservation of the electric charge.

T
In this way we can solve the VEVs from Equation (2.10): ¢y = <0 —“72> . In

O(N) SSB, we have the VEV ®; = (0,0, ...,v)T where there are N — 1 zeros. The
O(N) symmetry is hidden and leaves only O(N — 1).

2.2 Higgs Mechanism and Lepton Masses

A widely accepted model about how leptons gain their masses is through the Higgs
mechanism. The Higgs field ® has a non-trivial VEV due to SSB. For convenience,
we can define the Higgs field in the Lagrangian (2.1) in the unitary gauge. Since the
potential (2.9) and the minima condition (2.10), we can arbitrarily choose the form

B(x) = (U +0h(x)) (2.11)

and the expectation value is

(@) (2) (2.12)

where v = 4/ —“72 is the chosen solution from (2.10). If we are only interested in the

masses of gauge bosons, we should introduce the Higgs field VEV into (2.7). The
gauge fields W, W2, W2, B, turn into W, Z,,, A, after the Higgs mechanism [20].

10



2.3 Dirac Mass for Neutrinos

The fermions masses are generated from Yukawa terms (2.8) with the Higgs VEV.
It is proper to use the form (2.12) to contract with the SU(2) gauge field W, in
fundamental representation and the lepton doublet in one generation. When we put
the VEV back into Equation (2.8), we can obtain:

l’]:e7ll/77—

where we only write down the Yukawa term for leptons (the superscript [ = lepton).
The lepton states have conventionally three generations, and the Yukawa couplings
then form a 3 x 3 matrix. To diagonalize the Yukawa matrix, we need the transfor-
mation,

em
T,R = Ug,RlLvR = /Lm (214)
m

L,R

and the transformation of the conjugate lepton state [7'p = I rU 1.z We have used
the superscript m to represent the mass state leptons. In this way, the Yukawa
matrix transforms as UL YIUL = Y™ | where Y is a 3 x 3 diagonal matrix, and
the entries are yé 7+ The small [ in the superscript is for charged leptons. The pure
lepton mass term then reduces to the form

Lh=-v Y yhlala (2.15)

where l, = lor + lar. We use [, instead of [, (to get rid of m) to simplify the
expression. In the SSB and Higgs mechanism processes, only the charged leptons
gain masses through Yukawa couplings and non-trivial VEVs. The neutrinos are
Dirac type and remain massless [30]. In general, we introduce a Higgs field h(z)
with zero VEV in the position basis, see Equation (2.11). Then the full Lagrangian

of the lepton mass term is

Lh =0 > Yhlala — Y yhlalah() (2.16)

a=e,U,T a=e,[,T

where the second term is the Higgs-lepton interaction vertex. It shows that the
vertex should contain a coefficient proportional to the Yukawa couplings, or more
detailed, the mass of the leptons.

2.3 Dirac Mass for Neutrinos

Neutrinos are neutral fermions. In a very natural way of thinking, we can add
a right-handed neutrino singlet similar to the right-handed charged lepton and the

11



2 Neutrino Mass

neutrino gains mass through the same Higgs mechanism procedure (with the Yukawa
couplings) as we did in the last section. This does not change the symmetry SU(2),x
U(1)y of the theory and it is so-called the fixing of the SM for the neutrino mass, or
the Dirac neutrino mass. The Lagrangian is enlarged by the right-handed neutrino
singlet term,

"%g)tonmass = - Z Y L’L LCI)ZJ R+ Y Lz L(I)V] R+ h.c. (217)
i,J=e,u,T
where we introduce a new Higgs field ® = i0,®* with hypercharge Yz = —1. 0y =

<(Z) BZ> belongs to the Pauli matrix. ® provides the same potential as ®, but with

VEV (®) = (1) O)T instead. The neutrino singlet vg is defined as

VeR
VR = | VuRr (2.18)
Vrr
Then the mass term becomes,
LE = —+h() Y thlala— 0 +h(@) Y yiTm (2.19)
a=e,,T 1=1,2,3

where the different Yukawa couplings y! generate the neutrino masses. ¥} are entries
of the diagonalized Yukawa matrix Y*™. The neutrino field v; is v; = v;1, + vig, i =
1,2, 3. Equation (2.19) differs from Equation (2.16) only by adding the correspond-
ing neutrino term. The subscript 1,2,3 stands for the neutrino mass eigenstates,
and we have the flavor-mass eigenstates defined via:

3 3
Vi = Z UlgyiL VIR = Z UZIZ'%VZ'R (220)
i=1 i=1

where the transformation matrix UX® are unitary and so-called the PMNS mixing
matrix (the Pontecorvo-Maki-Nakagawa-Sakata matrix) [31, 32]. The right-handed
neutrino is named the ’sterile’ neutrino, where B.Pontecorvo first gave this name for
its almost unobservable property [32]. Sterile neutrinos have zero isospin since they
are SU(2)y, singlets. Their hypercharge also need to be zero since the hypercharge
of the Higgs field and the charged lepton field have already matched. The sterile
neutrino is neutral with the definition of ) [32]. This result leads to a fact that sterile
neutrinos do not participate in electroweak interactions. Also, they are obviously
leptons and hence do not take part in the strong interactions. Thus, in SM, SU(3)¢ x
SU(2)r xU(1)y, the sterile neutrinos only interact with the Higgs field and the active
neutrinos through Yukawa interactions. One important question we should ask here
is if the Dirac mass term is gauge invariant or not. First, Let us consider a local

12



2.3 Dirac Mass for Neutrinos

. vy, 0
we(i) o2 ()

Ir 1 2 -1

VR 1 0 0

) 2 1 1

) 2 -1 -1

Table 2.1: Electroweak fields assignment in the SM

gauge transformation G(0,(x),n(x)) under SU(2), xU(1)y. G is a 3+ 1 parameters
transformation where the SU(2), local gauge is 0,(x) = (01(x),02(z),05(z)). The
gauge transformation G is

G(0a(x),n(x)) = Pa@F +in) 3 (2.21)

where % are the generators of the SU(2) group. 7, is actually the Pauli matrix. With
the lepton hypercharge Y;;, = —1,Y,;g = —2,Y, g = 0, the gauge transformations are
given as

ZICIHVS P —in(x
Ly, =¢"2 T LS I, =e @), Vip = ViR (2.22)
9 = Lo (% 82m—ijn@) 79 _] oin@ 59 _p '
1L — Lare 2 2 lR—lRe Vip = VIR
The gauge transformations of the Higgs field are
B9 — ikt B9 i) (2.23)

Combining with (2.22) and (2.23), the gauge transformation of the Lagrangian (2.17)
1s

Dg _ 2 : LT9 $979 vTI9 $9,,9
"gieptonmass - }/;jLi,LCD lj,R + }/;jLi,L(I) Vj,R + h.c
i?j:eHLL7T
— _(:ba(x) -1 -0q (x) i1 _4
= — E Yilei’Le (1757 Ta—i5n(2)) oi =5~ Ta+i31(2) P m(m)ljﬁ
i?j:67u77—
— .0g(x) .1 . 0q () .1 ~
v —(i a—i=n(x)) i a—iz=n(x
+ Y Lo 2 T @) @y, 4 e,
_ D
_"%eptonmass (224)

The lepton mass Lagrangian we build in this way is SU(2); x U(1)y local gauge
invariant. For explicit reading, these field assignments are shown in Table 2.1.

13



2 Neutrino Mass

2.4 Majorana Mass and the Seesaw Mechanism

Apart from the Dirac type particle, neutrinos could also be Majorana particles.
The Majorana particle is defined in such a way that the particle and the antiparticle
coincide [9, 33]. Let us first discuss the antiparticle expression. Antiparticles have
opposite charge number and chirality, while remain the same mass with respect
to the correspondent particle. In order to transit transfer between particles and
antiparticles, we can define the particle-antiparticle operator as C [34].

C:U - =CT (2.25)
where the charge conjugate matrix C' satisfies:
C(y")TO™t = —# C(Y)'Ct =45 cic=1 (2.26)

for Dirac spinors. These relations ensure that the field W€ is Lorentz covariant [35].
One important point as Evgeny Kh. Akhmedov mentioned in his paper [34] is that,
one should not be confused with the charge conjugate operator C' and the particle-
antiparticle operator C. Although they are equivalent for Dirac and Majorana
spinors, they are not the same for chiral fields. The particle-antiparticle conjugate
operator will change the chirality, but the charge conjugate operator does not. Find
the details here [34]. The charge conjugate operator acting on the fields of Dirac
spinors in this way is [19]

CU(2)C = —i(Tyy*)" (2.27)

CV(2)C = (—iy"y*¥)" .
which means that the charge conjugate operator satisfies the form C' = —i7%? in
the Dirac representation. The definition and the properties of C' tell us that only
neutral particles can be Majorana type. For the Dirac type particles masses, only the
U, Ur+ VgV, term survives because of the projection operator property P Pgr = 0.
One question is what the mass term looks like for Majorana fields. For example, we
have the particle-antiparticle conjugate for left-handed field,

W5 = (PL)° = C(PLY) = C[(PL0)!°]" = Cwiy* Py
= CPRU" = PrOT" = (U°)p = Up (2.28)

where the C' operator transforms the left-handed chirality to the right-handed chi-
rality. So, for Majorana neutrinos, we could have a mass term formed by v¢v; +h.c..
We can build the Lagrangian by only using v;,. Combined with the kinetic term, we
have the Lagrangian for Majorana neutrinos,

1, —eidye ) L
LM = Z |5 Tizidvie + v idvi) — 5

2 2mZM(VZTLViL + WVEL)} (2.29)

i

14



2.4 Majorana Mass and the Seesaw Mechanism

where we use the fact (9"v5 )iy, ve, = —v5iv,0"vs, from the partial integration
with the boundary condition that [ d*zd" (v, )ivws) = 0 [36]. We only think of
the singlet Majorana neutrinos which do not interact with the gauge field doublet.
i is summed over generations. m; are the entries of the diagonalized M1, matrix.
The fields follow the same transformation as the Dirac neutrinos, see Equation
(2.20). Define a neutrino field v = ;1 + 15, and this is obviously a Majorana field

vM = (yM)e. Then the pure Majorana mass term goes to

%i (2.30)

where we consider the conventional three generations. Detailed discussion of the
spinors under particle-antiparticle operator is given in section (4.3.1) and in Ap-
pendix E when we derive the neutrino propagators. This Majorana fields in (2.29)

will not be invariant under a global U(1) transformation e**.
LN etyM vy KN (e pMye = o=yt (2.31)

The conjugate then transforms as v§ SN vielr. We can write the Majorana mass
term in Equation (2.29) under this arbitrary global transformation.
L= ey ALy A LA —iA —iA ¢

—5Mi (V& ViL, + Tirvi) — 5™ (v e e v + vire e ) (2.32)

This means the Majorana neutrino term is not globally invariant under the U(1)

symmetry. The Majorana term (2.29) violates the conservative charge number which

is the lepton number given by the No6ther theorem, i.e. the lepton number is not

conserved with the Majorana neutrino term. Let us consider about what if we put

the Dirac term and the Majorana term together. Omne can find it in many text
books [30, 35, 36]. Combining Equation (2.19) and (2.30), we have:

3
LM = — Z(miDl/-DuD + —mMMyM) (2.33)

In Equation (2.30), the Majorana field is expressed only in the left-handed fields
vy, vi. In order to complete the combination with the Dirac neutrino consistently,
we must add the right-handed correspondence, i.e. vz. Then we can form the Dirac
neutrino and the Majorana neutrino with the same chirality to a doublet,

1

LM = —vPMPvg — S (ML () + (VMR V) + hee. (2.34)

DO |

15



2 Neutrino Mass

where M and M are non-diagonalized mass matrices for the Dirac and Majorana
neutrino. Define the doublet and its conjugate,

w=(2)  m-rw ow-(F) e

with this we form the two types of neutrino field into a matrix term.

D+M _ _E—MDJrM ¢ 4 h.c.
1 MM MPN (v
=3 (7 v§) ((MD)T M]]%/[) <VR) + h.c. (2.36)

where MP is supposed to be real and the term v/%(MP)Tv¢ is equivalent to 7z MPvg.
v (MPY'VE = —(pCTMP(C Y up)T = —(pCMP O wg)T = v MPup  (2.37)

where we use CT = —C, (C~1)T = —C~! and the expression:
Vi = O = )10 = (A0 = w7075 = 07 (2.38)

The block matrix in Equation (2.36) is a 6 x 6 matrix. There are not only mixing
of generations inside each 3 x 3 blocks, but also mixing between the Dirac neutrinos
and the Majorana neutrinos. After the diagonalization, we should end in:

LM — ;UTn mP ™M (UTny)¢ + h.e. = —%M”MmD*MuDJrM
18
=-3 > mP My, (2.39)
i—1
where vP+tM = (m) + n( me — (1,9, ...,06)7 is defined in the mass eigenstates.

The transformatlon matrix U is also a 6 x 6 matrix. The mixed ny, field transforms as
ny, = ZZ 1 Ul, lL . The Dirac-Majorana mixed Lagrangian is definitely not global
U(1) invariant, since we have shown that the Majorana term already violates the
global symmetry, see (2.32). In the SM, it is not possible to find a global invariant
Majorana term. But physicists have made such terms in the BSM, for example
in the left-right symmetric model [37]. Equation (2.39) has shown the Dirac and
Majorana es in the mass eigenstate. However, the mass expressions m” ™ could
be derived in a more explicit structure. A physically instructive way is to consider
the simplest one generation case. Let us start from Equation (2.34) and omit the
superscript “M” of the Majorana case for simplicity. The Lagrangian in this case
becomes

1

1 __
LM — o TLvR — §TTLLVLI/L §mRVIC%VR + h.c. (2.40)

16



2.4 Majorana Mass and the Seesaw Mechanism

where my, mgr, mp are assumed to be real. Then we have the mass matrix:

MD+M _ (mL mD> (241)
mp Mg

Use the eigenfunction MP+M A = \A to solve the eigenvalues in order to diagonalize
the mass matrix. It is equivalent to find the solutions of the quadratic function
N —(mp+mp)A\—m%+mpmpg = 0 which comes from the determinant det(MP+M —
Alsy2) = 0. The eigenvalues are denoted as my, my, and the expressions are

1 1
my = 5(mL +mpg) — 5\/(mR —myg)? + 4m?
(2.42)

1 1
Mo = §(mL —+ mR) —+ 5\/(77’1,}% — mL)2 —+ 4m%

Another way to diagonalizing (2.41) is to transform the neutrino flavor states into
mass eigenstates. Any real symmetric 2 X 2 matrix can be diagonalized through the
similarity transformation of an unitary matrix U, i.e. m = UTMP*+*M{U. Then we
can easily choose the transformation matrix proportional to a rotational matrix in
2-dimension. This constrains the matrix to an orthogonal matrix, and then gives

1 ( cosf siné

m = UTMPMU, where U = n2 Cdinf cos 8) and n* = 1 is the proportional

factor. Explicitly, we have

UTMD+MU:772 (COS@ —Siﬂ@) (mL mD) < cos sinQ)

sinf  cosf mp Mg —sinf cosf
_ [ 3(mr +mpg) — 3(mgr —mp)cos20 — mpsinf —2(mpr —my)sin260 + mp cos 20
o —1(mpr —my)sin20 + mp cos 20 1(mp +mpg) + 2(mgr —my) cos20 + mp sin 6
(2.43)

where the mixing angle 6 should satisfy the condition that makes the off-diagonal
entries equal zero, that is, —%(mR — my)sin 26 +mp cos 20 = 0. Then we have

2
tan20 = — "0 (2.44)
mr —Mmy,

Compared to Equation (2.42), we should have

1 1
5\/(mR_mL)2 +4m?2, = é(mR—mL) cos 20 + mpsin 6 (2.45)

which gives a simple choice of condition for cos 26 and sin 26.

2mD mpr — My,

; cos 20 =
V(mp —mp)? + dmj, V(mp —mp)? + 4mj,

sin 260 = (2.46)
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2 Neutrino Mass

The transformation of the neutrino states is expressed explicitly as

VP = Utng + (Utng)e

. t : i
1 ( cosf sind VL 1 (cos) —sinf Vi
= (— sinf cos 9) (1/}}) e <sin 6 cosf > (I/R) (247)

and, e.g. for the left-handed part, we have
cosf) —sinf vp\ _ VIVIL (2.48)
sinf  cosf v VRVar '

vy, = cos /g + sin0/navsar,
Vg = —sinfy/mvig + cos 0y/navsr,

where vy, and 15y, are mass eigenstates. It is necessary to say that the relation
(2.44) still works for pure Majorana cases with two flavors mixing. For instance,
Mhap m‘”), which is
m‘r,u merr

similar with the matrix (2.41). The mixing angle §,. between v, and v, satisfies
tan 20 = mZL The flavor eigenstates v,r, v, have the same expressions in

T Mup
terms of the mass eigenstates as in (2.49).

and this gives

(2.49)

in the v,, v, case, we would have the mass matrix M = (

At the Tokyo conference in 1981, the Japanese physicist Tsutomu Yanadiga pro-
posed a mass mechanism called the “seesaw mechanism” [38]. This mechanism au-
tomatically gives an explanation of the smallness of the neutrino mass with respect
to the charge-lepton mass in the corresponding generation by introducing heavy
right-handed Majorana neutrinos. Now introduce the main assumptions of the eas-
iest seesaw mechanism [36]: 1) The Dirac type neutrino mass is much smaller than
the right-handed Majorana neutrino mass mp < myy; 2) the left-handed Majorana
neutrino should result in zero mass m}’ = 0. The mathematical reason for these
assumptions is that from the mass Equation (2.19) and (2.30), there is no constraint
for the right-handed neutrino mass mpg, and the Dirac neutrino is proportional to
the Higgs VEV. Physically, vy is singlet with zero hypercharge, and its mass is ar-
bitrary in the SM symmetry. Let us begin with the one generation. Using these two
assumptions, we can reduce the mass expression in (2.42).

1 1
myg = 5(mR +mp) F 5\/(mR —myp)? + 4m%

— mal3(1+ Z5) ¥ 1\/(’”R —mu)? | dmp)

mgr’ 2 m#% m#
1 mp. 1 mi  mp
R
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2.4 Majorana Mass and the Seesaw Mechanism

take the absolute value,

2

. Mb
MR e S TP (2.51)

Mo = MR > Mp
The mixing angle also reduces under the assumptions,

2 2
tan2 = —— 0~ 2D (2.52)
mpr — My, mpg

use the approximation if § < 1,sinf ~ tanf ~ 6,

gD (2.53)
mpg

insert the angle into Equation (2.49), the neutrino states have the form,

m
v & \/mvin + m—D\/772V2L
R

m (2.54)
c D
VR & ———/MViL + /1pl2L
mg

If we set 13, = —1,7 = 1, it shows how the Dirac and Majorana states relate to
the heavy neutrino states (real part). The diagonalization of the mass matrix has a
brief picture:

R IR (2.55)

mp Mg 0 mpg

the two eigenvalues satisfy mymy = m?% with one mass goes higher and the other one
goes lower. It looks like a “seesaw”. The mathematics behind this is that any 2 x 2
block matrix whose off-diagonal parts are much smaller than one of the diagonal
parts will end in two “seesaw” like eigenvalues that one of them is larger than the
other one. Now let us go to three generations and suppose all three generations of
the left-handed Majorana neutrinos have zero mass. The mass matrix is

MPHM — <(MOD)T %2) (2.56)

where Mp and Mg are 3 x 3 matrices. For the matrix Mg, we can see that
VRMpv§, = (TrRMpvi)T = vgCT MivR" = UM VS (2.57)
which leads to

Mp = M}; (2.58)
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2 Neutrino Mass

To diagonalize this matrix (2.56), we can introduce a unitary block matrix U =

Lo Wi and diagonalize through m = UTMPTMU. Wy, W, are two 3 by 3
Wa Tsxs

matrices that satisfy I/Vﬂ/VlT = I/VQI/VQT =1,W = —I/VQT due to UUT = 1.

(") (e ) i Y)

Wi (MPYT 4 (MP + Wy Mg)W,! Wy (MPYTW] + MP + W, Mp
- D\T D f D\T D (2.59)
(MP)F + WoMP + MpW| (MP)" 4+ WoMP 4+ Mg

and the off-diagonal block should be zero. That is

Wy = Mz (MP)Y + .~ — Mz (MP)T (2.60)

where ... is the rest part and may have the form V(MP)YTMP)2 /(M%) — 4(MP (MP)T)(MP)T) /Mg
which is imaginary if My is much smaller than MP. Using the relation between W,
and W5, we obtain

Wy =Wy = [(MP)"]I(Mg")T (2.61)

So the diagonalized matrix under the same approximation is:

—MPMZ (M2 0
m ( g M, (2.62)

After the seesaw mechanism, we have two kinds of neutrinos with light masses and
heavy masses. This implies that there should exist another kind of particle with a
very heavy mass to explain the smallness of neutrinos mass neutrino masses in the
SM. It is easy to show, if the mass scale of the light Majorana neutrino is ~ 10~ %V
and the lepton mass scale is around electron mass mp ~ 0.511MeV, the mass scale
of Mp is approximately 2.6 x 108GeV. This seesaw mechanism is historically called
“the type I seesaw”. Type I seesaw mechanism is characterised by a Higgs-lepton
pair with a heavy neutrino singlet. The singlet does not have mass constraints so
that we would have Mgr > mp. Furthermore, there are type II and type III seesaw
mechanisms. The type Il seesaw mechanism introduces a Higgs bidoublet and two
Higgs scalar triplets for Higgs-lepton pairs with a right-handed doublet that forms
SU(2)r symmetry. This is mostly used in the LRSM (left-right symmetric model)
and we will discuss it in detail in chapter 3. In the type III seesaw mechanism,
fermion triplets have been taken into account. To revisit the popular three types,
see these: [39, 40, 41]. Moreover, there are other kinds of seesaw types, e.g. inverse
seesaw mechanism, linear seesaw mechanism (review here [40] and its references),
universal seesaw mechanism [42, 43], etc.
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2.5 Neutrino Oscillations

2.5 Neutrino Oscillations

Neutrino oscillation provides the experimental fact that the neutrinos are massive
particles. Takaaki Kajita and Arthur B. McDonald won the 2015 physics Nobel
price due to their pioneering observations of neutrino oscillations [44]. The exper-
iments of searching neutrino oscillation has been underway for several years. The
measurements of the solar electron neutrino flux was started from the 1970s in the
Homestake Chlorine Detector [45]. Lederman et al. first discovered the muon neu-
trino in 1962 in the Brookhaven experiment [25]. This provides solid evidence of
the theory of mixing flavor states [31]. The theory of neutrino oscillation was first
proposed by Pontecorvo in the 1950s, where he considered it as an analogy to kaon
oscillations [46, 47]. The theory we widely use today for neutrino oscillation is the
plane wave approximation standard theory that was developed by Eliezer and Swift,
Fritzsch and Minkowski, Bilenky and Pontecorvo from 1975 to 1976 [30, 48, 49, 50].

In this section, we will briefly derive the standard theory of neutrino oscillation
and discuss the mixing matrix. Let us begin with the leptonic charge current

jale) = ) ho(w)y v ()
— Zli—L(x)UlLT'yO‘UZViL(TE)
= Y T Uva o) (263)

where the leptonic charge current j<°(x) is defined from the gauge boson-lepton
interaction term,

GSM .cc
zgngon = _TJQL(;U)VVQ+ + h.c. (264)

where we have used (2.14) and (2.20) in (2.63). The lepton transformation matrices
are distinguished by the use of the superscript [, v. The relation between neutrino
flavor states and mass states is (2.20). Ignoring the chirality and using the Dirac
notation, we have the following.

) = Z Ui |vi) (l=euT) (2.65)

where we consider the conventional three generations. The eigenstates are orthonor-
mal <1/l/i‘1/l/ /j> = Ouyij. Since the mass operator and Hamiltonian operator are
commute, they have the same eigenstates. We have the eigenfunction

) = B |n) (2.66)

Inserting this into the Schrodinger equation and assuming the plane wave time
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2 Neutrino Mass

evolution, we can obtain the states at some time (t)

\Vz ZUZ’L

Then we can also use the transformation (2.20) to express the mass states on the
basis of flavor eigenstates. Taking into account the unitary matrix Uy, we have

(2.67)

) = Y Z Uie™ U, ) o) (2.68)

U=eu,m 1

Equation (2.68) gives the relation between two flavor representations with time
evolution from 0 — t. Therefore, with the time flow ¢ > 0, the massive neutrino
flavor states become the superposition of all the flavor states. Additionally, there
is neutrino mixing if the transformation matrix U is non-diagonal. The transition
probability from the state [ to I’ in time period ¢ is then

PVZ‘)VL/(t> ‘<Vl’|yl Z UllUl’ Ulle' HE— Byt (269)

7.7

If we consider the small mass of the active neutrinos, the dispersion relation of the
neutrino will be

m? m2
= [pl(1+ 2|ﬁ| +0(2)) = E+ﬁ (2.70)
the energy difference is
E,—FE;~ Am?j
T 2k (2.71)

2 _ 2 2
Amg; =m; —m;

Usually, the propagation time is not obtained in the oscillation experiments; instead,
the distance between the source and the detector is measured. In the natural unit,
the propagating time of an ultra-relativistic neutrino is approximately the propa-
gating distance t ~ % = L. Finally, the transition probability goes to

A'mJL
Py, (L E) = ZUhUl, U Upje 26— (2.72)

2

This shows that the phase shift of different flavor states determines the oscillation.
The probability (2.72) also yields that the masses observed from the oscillation
experiments are only the mass scales of squared-mass difference. The different orders
of mass scales of my, my, m3 depend on ordering scenarios. For instance, normal
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2.5 Neutrino Oscillations

ordering gives Am?% > 0 while inverted ordering implies Am? < 0 (“A” stands
for atmosphere neutrinos). The mass spectrum and the orderings are independent
of whether the neutrinos are of the Dirac or Majorana type [51]. However, the
above derivation of neutrino oscillation is only in the quantum mechanics level and
the plane wave approximation is assumed as well. A more general theory occurs
in quantum field theory that includes S-matrix sandwiched in the initial and final
states [30]. One can even take wave package instead of the plane wave approximation
to obtain a more precise result [52, 53]. Let us next determine the transformation
matrix U in Equation (2.63), and this is also the matrix combination UU* from
(2.72).

The Standard Parametrization of the PMNS Matrix

We have studied the diagonalization of the mass matrix in section 2.4, where the
entries of the diagonalized mass matrix are eigenvalues in the mass eigenstate. The
transformation matrix Uy, transforms states between the flavor eigenstate and the
mass eigenstate; e.g. see Equations (2.20 and 2.47). This matrix being an element
of the Lie group can have an exponential form of expression, which leads to the
fact that it can be expressed by angles and phases. For any n x n unitary matrix
in a SU(N) group, there are n? independent parameters in total. In the Dirac

field case, the rotations are in the off-diagonal triangle parts and have M free
n(n=1) __ n(n-‘rl)
— =

parameters, and therefore the phases have n? — parameters But
not all the phases are physical. The transformation from ﬂavor to mass eigenstates
in the charged current follows Equation (2.63). The PMNS matrix U is defined by
U= UgU v Tt is equivalent to redefine a lepton wave function I’ = e[ to cancel one
column of phases in the transformation matrix, while a neutrino function v/ = e
to extract one row of free phase from U. In this case, these phases can be chosen
to be “zero” [54, 55]. The total redundant free phases in U is 2n — 1, and the
physical phases are "(”H) —(2n—1) = (”71)2& For two generations, U is a 2 x 2
matrix, and there are ng = 1,n4 = 3 angle and phase parameters, respectively, and
ng = 0 physical phase. For three generations, we have ng = 3,n4 = 6, ni =11t
is explicitly shown later that the phase parameters also indicate the CP-violation.
Consider the Dirac charged lepton current under CP-transformation. We can obtain
the current from Equation (2.1). Take one generation in SU(2) for example,

gsa o o W3 WL W2\ [u
c%epton = - 2M (Ve 6)L7 (Wl + ZW2 3 e (273)
a L

In the form of three generations, we then have

%epton - gSM Z lzL UViL( O—j— gSM Z VzL UTZZL(J/’)WQ_ (274)
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2 Neutrino Mass

where W* = —5(W* £ilW?). According to [34, 36], the CP transformations of the
Dirac lepton fields and the gauge boson fields in Dirac representation are [19, 306]

(CP)lL(2)(CP)™" =~°Cl, (')
(CP)vp(z)(CP)™ =ACop” (ar) (2.75)
(CPYWHCP)™t =w;

a

The CP-transformation of the Hermitian conjugate fields is

(CP)li (@) (CP) = CT (@) = —I% (/)01 (2.76)

and it is the same for the neutrino conjugate field. Using these transformations,
we are able to do the CP-transformation of Equation (2.74). Since the Lagrangian
terms are singlets, we finally have

(CP)ZLES (CP)™

lepton
TN a — g Y (e
= =5 @ @)W - %zimx’)(fﬁ)% vi ()W, (2.77)
where we use the property of C' and gamma matrices. Compared to Equation (2.74)
we find that, the charged leptonic current Lagrangian is CP invariant only if we
have:

U= (UhT Ut=u" (2.78)
this is nothing more than
Uu=U0" (2.79)

This tells us, in the SM, if we expect that the Dirac fields are CP-invariant, the
mixing matrix needs to be Real. Now we consider a possibly explicit three gen-
erations mixing matrix (n = 3). For the three independent angles, we can easily
choose the rotational angle in the three orthogonal planes. Assume the initial state:
(11),12),13))", and we will rotate it around three axes in three steps. Step one,
introduce 6,5 around the third axis |3).

1) W costhy sinfp 0 1)
|2) = | —sinfa cosba O 12) (2.80)
13) 0 o 1) \J3)

the superscript (1) stands for the “first” state that transforms after 6;5. Step two,
add the angle 6,3 around |2). Conventionally, we also add the phase shift with the
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2.5 Neutrino Oscillations

rotation of 63

)\ @ cosfis 0 sinfjze @\ [|1)
|2) = 0 1 0 12) (2.81)
13) —sinf3e® 0 cosfs 13)
In the last step, rotate 053 around |1)
M ® /10 0
|2> =10 COS 023 sin 823 |2> (282)
3) 0 —sinflog cosbog
Multiply the three matrices together and we find the mixing matrix
cosbfis sinfy, O cos B3 0 sin 913 e 0
U= —sin 912 COS @12 0 0 1 COS 923 sin 023
0 0 1 —sinfi3e® 0 cos 913 —sinfys  cos o
C13C12 C13512 S13€ —i
= —823813012625 — C23512 —8238138128”5 + C12C23  S23C13 (2-83)

id i6
—C93513C12€ " + S23S12 —C23513S12€"° — S23C12  C23C13

where we redefine sin 615 = s12, cos 013 = ¢13, ... for simpler notation. This is so-called
the “the standard parametrization” [34]. From the discussion above we notice that,
the CP conservation for the Dirac fields will leave the phase shift zero § = 0. In
the other hand, it is a way of finding the CP-violation by observing the non-trivial
phase shift in mixing of Dirac particle states.

It is however a bit different in the Majorana case. Remember that the Majorana
field in the SM fixing is not gauge invariant, which means that the neutrino fields
cannot be performed by a rephasing, i.e. the term v¢v, 4+ h.c. will change (after the
rephasing). Thus, the physical independent phases are in total né‘f = @
@ = ny. In the two generations case, we have ny = 1, né‘ff = 1, while there is
ng = 3, né/[ = 3 for three generations. Since the Majorana particles are their own

antiparticles, we should have the equality

—n =

(CP)usy (2)(CP) " = (CP)WE, (CP)! (2.84)
and this gives
1T () = nC( ) O (@)
= 0z () = - Crr’ (2) (2.85)
where we use C'(y°)TC~1 = —4". And this implies that

= N n = +i (2.86)
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where 7 is the CP transformation phase space factor value. This will end in U* = £U
in the CP transformation of charged current, which means the mixing matrix is
pure Imaginary/Real if CP conserves. Thus, it is straightforward for us to write a
Majorana mixing matrix [54]

1 0 0

M =usM SM=10 e 0 (2.87)
0 0 ¢%2t9)

There are three phase shifts 9, 1, d>. In fact, one can randomly create the Majorana
mixing matrix if only all the entries include at least a phase shift. To satisfy CP-
invariance, we have

12 — 41 and et = 4] (2.88)
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3 The Minimal Left-Right Symmetric Model

3.1 Basics of the Model: Why “Left-Right”

When we say “the Standard Model”, we are talking about the Yang-Mills gauge the-
ory for quark-gluon fields which is precisely a SU(3) symmetry for colors SU(3)c,
combined with the electroweak interactions of the left-handed SU(2),, x U(1)y sym-
metry which we have discussed in the last chapter. Namely, SU(3)c x SU(2)r X
U(1)y in total. Strictly speaking, the mass generated by the right-handed singlet
neutrino is also “beyond” the SM. In the SM we only have massless neutrino and
right-handed singlet charged lepton. However, “beyond” is accurately said to mean
that the symmetry group is larger than the SM’s. For those singlets introduced in
the SM we prefer to call them the fixing of the SM.

A natural way of thinking the BSM is to find higher symmetry which includes
the SM physics and can reduce to the SM in specific circumstances [56, 57]. The
smallest symmetry in this way is the mLRSM (minimal left-right symmetric model),
SU3)e x SU(2) x SU(2)g x U(1)x. This model has been studied for more than
30 years, and there are many higher symmetry versions. But they have the same
basic idea: to create a parity restored model that will be violated by spontaneous
mechanism.

We have mentioned in this simplest BSM that the parity is restored at first and
violated when the model spontaneously breaks into the SM. This could explain the
universal parity asymmetry in the SM, which is one of the reasons people build
mLRSM [58, 59]. The Majorana neutrinos are not generated in the singlets but in a
gauge invariant way, which makes the observation possible in this scenario. This also
gives constraints on the mass scale of heavy neutrinos and also offers explanations for
the hierarchy problem between light neutrinos and charged leptons, m,, < m, [60].
The mLRSM in this way is a simple, natural extension of the SM and will reduce
to the SM through spontaneous symmetry breaking by a large right-handed VEV.
The rough graph of the process is

SU(B)C X SU(Q)L X SU(Z)R X U(l)X
(AR)
_(E>_>

We begin from the Lagrangian of the mLRSM. Consider the minimal symmetry
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3 The Minimal Left-Right Symmetric Model

group as SU(2), x SU(2)gr x U(1)x, where X = B — L is baryon number minus
lepton number, which is conserved in this model [61]. Same as in the SM, the
SU(3)¢ group for color fields under strong interaction is not taken into account. In
this way, we have seven gauge fields, three W} and three W3 for left- and right-
handed SU(2)r r and B, for U(1)x. The superscript a stands for the generators
of the su(2) lie algebra. In this larger symmetry group, the right-handed neutrinos
are introduced to form the correspondent right-handed doublet with the existing
right-handed charged leptons. The left- and right-handed fermions are considered
to have the same symmetry group in the LRSM. This naturally leads to the fact
that the parity is conserved in the LRSM. In one of the processes, the parity is
violated spontaneously through the Higgs mechanism due to the unequal VEVs of
the left- and right-handed Higgs fields (in our case are Higgs triplets) [57, 58, 59].
Readers will find the explicit calculations of Higgs mass and gauge boson mass in
the subsequent sections. The Lagrangian of the model should contain both Dirac
terms and Majorana terms for fermions in order to give es in the seesaw mechanism.
We can then write the full Lagrangian without the strong interaction terms of the
gluon as [60, 62],

L =L+ L+ L+ L+ V(b b, AL AR) (3.2)

where “g”, “f7, “H”, and “Y” represent the gauge, fermions, Higgs, and Yukawa
under the mLRSM, respectively. We have used the same subscript as in the SM,
but each terms are definitely not equivalent. Let us define each Lagrangian in (3.2).
The bosonic gauged Lagrangian is defined as
1 nwratrra 1 uv,ayrra 1 Qv

gg - _ZWL WL,;},V - ZWR WR,;U/ - ZB BIJ«V (33)
where the field strength tensor has the same expressions as in the SM, W5 =
MWh — "Wy, B* = 0FBY — 0¥ B*. The fermion kinetic term with gauge fixing
is defined as,

= o . X
2= Z {Urin" (0, + WLy Wr+ 19/53#)‘1%
el (3.4)

- .0 = X
+ \IJRZ’}/M(GM + zgR§ . WR# + ZQIEBM)\DR}
The Higgs kinetic term with gauge fixing is defined as

Ly = Tr[(Dud) (D"9) + (DAL) (D"AL) + (DuAr) (D"AR)] (3.5)
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Qr, 3 2 1 x
Qr 3 1 2 %
Ly 1 2 1 -1
Lg 1 1 2 -1
b 1 2 2 0
b 1 2 2 0
Ap 1 3 2
Ap 1 1 3 2

Table 3.1: fundamental representation Fields degrees in mLRSM

the Yukawa term for both Dirac type and Majorana type is defined as,
Ly == Y {ULTEoUg; + Ul loUg; + hoc.}
v=Q,L
_ Z {L_(iiGL,ijiO-QALLLj -+ L_CMGRJJ'Z-O'QALLR]' + hc}

Leptons

(3.6)

where ¢ = 02¢*0y. & are the generators of the su(2) algebra, i.e. Pauli matrices in
fundamental representation. gz~5 is a gauge fixing field to ensure gauge invariance. In
SU(2), ¢ and gz; are bidoublets, and Ay r are triplets of the scalar fields, in order
to contribute in fermions masses. The sum over ) and L is the quark and lepton
doublet on the basis of the flavor eigenstates,

Q= (Z)L =[3,2,1, %] L= (?)L =[1,2,1,-1] (3.7)
Or = (Z)R =[3,1,2, %] Lp= (IZZ)R =[1,1,2,—1] (3.8)

where v and d are up types and down types quarks, respectively. We think about
three generations of quarks and leptons. [ = e, u,7 . The numbers in the square
brackets represent the correspond symmetries in the mLRSM group. For example,
in the fundamental representation (or spinor representation), this number is 2s + 1
the degree of the group where s is the correspond spin (quarks have a color field of
3 degrees, the correspondent of the spin-1 gauge field).

Physically, these numbers in Table 3.1 show whether the fields take part in the
interaction of the symmetry group or not. Left quarks take place in the color field
and the left-handed electroweak field, but do not have any degree in the right-handed
field. In other words, they participate in the strong, weak, and electromagnetic
interactions. And the last number gives the magnitude of the interaction in the
symmetry group. It is the conserved charge number, and in mLRSM it is X = B—L
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3 The Minimal Left-Right Symmetric Model

coincidentally. L¢ in Lagrangian %y is the particle-antiparticle conjugate field of
L and the definition is in Equation (2.25). Its Lorentz invariant conjugate L¢ is
defined in Equation (2.38). V(¢,¢,Ar,Ag) is the possible potential. Iy, AY,
G ri; are matrices for flavor mixing (the dummy subscripts here represent the
flavor states). C~! is the inverse of the charge conjugate operator. We will start

from the interaction potential to calculate the VEVs.

3.2 Higgs Potential

We have mentioned that for any symmetry group larger than O(1), there could be
spontaneous symmetry breaking (SSB) that generates Goldstone bosons through
non-trivial VEVs of the scalar fields. In the SM, there is a Higgs scalar field which
has non-zero VEV, that breaks the electroweak symmetry SU(2), x U(1)y to elec-
tromagnetic symmetry U (1) gy, where the three gauge bosons W, Z “eat” the Gold-
stone bosons to gain masses and leave the fourth gauge field massless which is the
photon field [21]. The first step we need to take is to calculate the VEVs. Similarly
in the ¢* toy model (see section 2.1), the VEVs can be obtained by solving equations
of motions with respect to the Higgs fields Ay, g and ¢,

OV (h, 6, AL, Ag)  IV($, 0, AL, Ap)
O0A} - O0AR

8V(¢7 CE, AL7 AR)
99
By doing this, we first need to write down the explicit form of the potential, which

should include all possible Hermitian combinations of the four Higgs fields and its
interactions. The result is the following [60, 63],

V(¢7 (57 AL; AR)

2 2 2
=— ZM%TTW%] + Z Niju Tr[o] ;) Te[of ] + Z N Trlol o 0L

, ,79,k,l ,9,k,l
— P Tr[AL AL + ARAR] + pr { (Tr[AL AL + (Tr[ALig])}
+ po{ Te[ATALAT AL + T ALARALAR]Y + p Tr[AT AL AL AR]

=0 (3.9

2
+ Y i Trg] o (T AL AL] + Tr[ARAR))

2 2
+ ) Bi(Tr[AL Apgiol] + Tr[ALARlG)]) + ) vy Tr[ALdiArel]  (3.10)
4,7 1,J

where the summation indices 1,2 stands for summing over the Higgs fields ¢; =

b, ¢2 = ¢. &, A and Ap represent Higgs bosons. We add a more explicit version

of the potential that shows every term in the summation in the Appendix A.
Higgs triplets are defined to couple with the Majorana terms of lepton doublets.
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3.2 Higgs Potential

The only possible non-zero VEVs come from the neutral components of the matrices.
The left-handed Higgs triplet can generally be defined as

Ay Agg
Ap = 3.11
: <Amlh2 (3.1)
In the mLRSM, the total charge also contains the third component of the right-

handed SU(2)g isospin. Now acting this charge operator ) = I3 + Igs + %X on
the triplet and the vacuum, we would have

QAL |0) = [QAL] |0) + ALQ 0) = [I13, AL] |0) + ALQ |0)
1 0 A A A A 1 0 A A
10 5 (B 22) - (R 22 (6 L) w2 (3 22)m)

(A 2A4
- 2( ; A22) 10) (3.12)

where we can see that there is only one zero entry, which could be a possibility for
the non-trivial VEV. Thereby, the VEVs of the Higgs triplets can be

(Ar) = (VOL 8) (Ag) = (;i 8) (3.13)

Acting the operator to the Higgs bidoublet, we obtain the VEVs as well.

=5 )
@=C 0000

Now we insert all the VEVs into the potential (3.10) and use the shorthand writing
(A.2) to calculate the trace. After some algebras, we have

V((9).(#). (A1) (Ar))
= — @ (I6” + |&'") = 203(5"K" + w') + Aa([6l* + |5'])
+ 200k K" + 1) (&) + | + M[(6*" + 7 6*)? + (KK + ki)
+ M5 K+ KR (K R+ ke + N (e[ + |6 + Ny 5+ 1)) (6] + K]
+ 20K = 12 (Wwel® + 1val®) + (o1 + p2) (vl + [vl*) + pslvsl* vl
+ (o1 + as) (|6 + [67) (vel” + [val*) + 200 (5" + &'8) (vl + |val*)
+ Bk (i + val®) + Balvel® + |val®) (55’ + £7K'%) + Bs|&'|* (Jve)* + [va[*)

+ Y (Vive + Vv ) kY 4+ Y (Vivekk + vivps ) + ys(Vive + vivn )k
(3.15)

(3.14)
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3 The Minimal Left-Right Symmetric Model

For simplification, we assume that VEVs k, k', vy, and vy are real numbers. This
means that we neglect the phase shift between VEVs or assume that they have the
same phase. After making this simplification, we obtain

Vi, K vp,vg) = —p2 (k% + K7) — 42k
+ A (62 + K22 4 (A + 200) (K2 + K7
+ (8Ag 4+ 4As + 20) K27 + N (k* + &)
— (VL + Vi) + (o1 + p2) (v + Vi) + psviviy
+ (a1 + a)(K* + K7) + danrr'| (V] + vp)
+ (BiR” + 2BakK + Byk'*]) (V] + VR)
+ 2(n1K? + Yokk 4 3K vLvR (3.16)

The next step is to find the fields conditions at the global minimum. Put the VEVs
in the Equation (3.9). The first derivatives with respect to the VEVs of the Higgs
triplet are the following, where we suppose v, g # 0.

)%
B 2piavr, + 4(p1 + pa)V3 + 2psivn + 2(on + as) (K2 + K7 + dagkr vy
L

+ 2[B1k% + 2BakK + Bsk* v 4 2K + Yok + sk g = 0 (3.17)
oV
5y = 2Heve + 4o+ p2)vi + 2psvive + 2(cn + as) (5 + £7%) + dagki vy
R

+ 2[B1k> + 2Bokik + B3k vr + 2(n K2 + Yokk + Y3 )y, = 0 (3.18)

Also we need to check if the second derivatives are positive in order to reach the
minimal potential. Multiply the first and the second equations with v and vy,
respectively, and subtract them. After doing some algebra, we finally arrive at
either one of the constraints of the VEVs [64],

(a) vi?=vg? or (3.19)
2(71K% + Yok + y3K%)
4(p1 + p2) — 2p3

(b) Vi VR — (320)
The first constraint is a trivial one, and the parity does not violate after the SSB of
the left-right symmetry. We will discuss the constraints of mass scale and the VEVs
scale after finishing the calculation of W p mixing from the Higgs mechanism of
gauge fields interacting with leptons. We can also do the same procedure for x and
k', and the constraint is:

(dag + 2B9) (V2 + V%) + 29vr VR
4

(c) kK = (3.21)

In fact, apart from the neutral fields which can generate the non-trivial VEVs, there
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3.2 Higgs Potential

are Higgs scalar charged fields as well. Using the charge operator eigenfunction
(3.12), we can define the general Higgs triplet assignments as

A5+ 5+t
A= “f;o By (3.22)
V2

where we consider the SU(2) triplet

IR S R SR RS
A= ETa(sa == E ((51 _ 252 _53 > (323)

One can also use minus sign in the superscript, since positive and negative fields
have the same mathematical features. The Higgs potential (3.10) gives the self
interaction of Higgs fields. If the CP invariance is taken into account, all the 3, ~
coefficients in (3.10) will be set to zero. This also provides an advantage that less
number of parameters can keep simple for the fine tuning or even remove it [65]. In
order to discuss the scalar propagator, it is necessary to calculate the mass scale of
the left- and right-handed charged Higgs fields. The masses of the charged Higgs
fields come from the terms that contain Ay, Ag in (3.10). These terms are

— PTY[ALAL + ARAR] + o { (T[ALAL])? + (Tr[ARAR])?}

+ po{ Te[ALAL T [ATAT] + Tr[ARA R THARAL] Y + 03 Tr[A AL Tr[AL AR

+ pa{ Te[AL AL T [ARAL] + Tr[A AR Tr[AT AT])

+ g Tr[pt o) (Tr[AL AL] + Tr[ALAR])

+ agTr[old)(Tr[AL A L] + Tr[ALAR)

+ aaTr[676 + G| (T[AL AL] + TY[ALAR]) (3.24)
We insert the VEVs of the bidoublet Higgs fields directly, and for mass discussion
we only keep the quadratic terms of 52“} with the Higgs triplet VEVs (5%, R- Suppose
the fields and the VEVs are all real, and satisfy the approximation vg > vy and
VR > k,Vgr > K, we obtain

= — (6T 4+ 65 4 2(p1 + 200) (697672 4+ 692 6572) + ps (89070472 + 69,767 +2)
+ 80409 0% 26 E 2 4+ (g + ) (K2 + K2) (6512 4+ 6472) + dagrr’ (0512 + 6412)

897 + K 4946909 ot
— 26T L 5ETRY 4 (5 st <P3 R 0 P49OLOR ) ( L )
H ( L R ) ( L R ) 4p4525% 2(01 +2P2)50R2 + Ko 5E+

(3.25)
The superscript 2 stands for square. In the last line, the terms with (522 have been

neglected since 69 refers to the left-handed Higgs VEV vy. Redefine a simpler
shorthand kg = (o + a3)(k? + %) + 4askk’. The mass of the charged Higgs fields
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3 The Minimal Left-Right Symmetric Model

are
2 2 1 2 2 1
Myts = =} + §(p3VR +2(p1 + 2p2) v + 2K0) — EVA (3.26)
1 1
m%i = — ,U,2 + §(p3V12% + 2(,01 + 2/)2)1/12% + 2:‘%0) + § V A (327)

where A is the discriminant,

A =(psvi + 2(p1 + 2p2) V5 + 2k0)?
— 4[(psvp + ko) (2(p1 + 2p2)V5 + ko) — 16p5vL V] (3.28)

the square root can be reduced due to the approximation, that is
VA = pavg — 2(p1 + 2p2) vy (3.29)
put this back and finally we obtain the mass scale

mgfi = — u® +2(p1 + 2p2)V5 + 2ko (3.30)
m%i = — 1i* + pavi + 250 (3.31)

Since the kinetic mass (if without the potential) is —u? > 0, the mass scale of both
left- and right-handed double-charged Higgs fields are at least vg, i.e. the mass scale
of both fields are very large. The procedures for searching for masses of Higgs scalars
are identical. We can also figure out the mass expressions for Higgs bidoublet with
respect to coefficients and VEVs [64, 65]. The crucial aspects of the calculation are
the approximations and the arguments such as “the CP-invariance” [66].

3.3 Higgs Kinetic Terms

Let us do Higgs mechanism very carefully term by term and see explicitly how the
gauge bosons Wf r and B, “eat” the Goldstone bosons and gain masses in mLRSM.
Practically, we can write down the explicit forms of the covariance derivative in the
Lagrangian (3.2) [62]

& - G -
Dy =04t +ig(5; - Wid = 65 - W) (3.32)
7 X
DAL = 0,AL + ig[% W, ALl + ig’EBMAL (3.33)
7 X
D,Ag = 0,Ap + Z-g[% Wr, Ag] + z'g'EB#AR (3.34)

where we assume that the chirality symmetry is restored in this model: g, = gr = g¢.
In Equation (3.32), one can choose “Left-Right” or “Right-Left” (“dash” stands for
minus sign). This will not make a difference to the result, since we are interested in
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3.3 Higgs Kinetic Terms

the trace. We can see this from the explicit derivation of the first bosonic kinetic
term in the Appendix B.

The gauge-scalar boson interaction expressions are derived from the kinetic term
of the Lagrangian. In the calculating of the neutrinoless double decay rate, we need
the coupling of the Higgs triplet-gauge boson interaction which can be obtained by
inserting the Higgs field (3.22) into the trace,

Tr[(D,AL)(DMAL)] + Tr[(D,AR) (DFAR)] (3.35)

After doing calculations (for explicit derivations, see Appendix B), we arrive at the
interaction,

—g* (WL, Wi + W, W )0507 " — g (Wi, W™ + W, We ") 0oy (3.36)

where W# = \%(Wl + W?). The coupling of the W-W-H** vertex is proportional
to —g?6? IR After the mass mechanism from inserting the VEVs, the coupling is

—g*vr R, where vy g is the VEVs of left- or right-handed Higgs triplets. In some

literature [65, 67], the VEVs in (3.13) are defined as V\L//;‘, and the couplings are

—\g/—zyL /r- In the next step we insert the VEVs and decouple the mixing fields to
obtain the mass scale of the gauge bosons. The traces of the kinetic terms finally
become

Tr[(D,u9) (D ¢) + (D, AL (D*AL) + (D, AR) (D" AR)]

2 2
- (K24 K + W)W W+ %(/12 + 1+ W)W W

2 2
(5 4 1%+ 4 Wiy + T (6 4w + 40 Wi

— 5( 24 ng)WgLW;gR — g%/@'W;MW;{’“ — gQIQ/'i/WIEMW;’H
— 299 (Vi W1, By + VEWap,.B") + g (v} + vE) B, B" (3.37)

The explicit calculation is found in the Appendix B. The mass scales of W, and
W are proportional to v? and v% respectively. In the last line of (3.37), we enter
the hypercharge number X|[Ay g] = 2 that belongs to the U(1)x symmetry from
table 3.1. One can directly take the hypercharge number in the first place in (3.34).
However, the fields W, and B,, in (3.37) are coupled with each other. They are not
pure mass terms.

3.3.1 Masses of the Gauge Bosons

We need to decouple the interactions, i.e., to transform the gauge boson states to the
mass eigenstates. We have W, W~ mixing terms and W5y, Wsg, B mixing terms,
so there are more than one transformation matrices. We start from the charged
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3 The Minimal Left-Right Symmetric Model

+,—
gauge bosons W 7.

2 2
%( 24 6%y QV%)WiMWE’“ + %(/@2 K ZVIQ%)W}{MWIE’“

2 / — +,1 2 / — S
- g RK WLvMWR - g RK WRvNWL

L) /2 2 1.2,
=W/ W§)<4(’f + w4 2v7) T )(

—%QQHE/ %(lﬁz + K2+ 2v%)

g% (.2 2 2 1.2, -
rp (S e V() e

S VLA RN Y

where we use the equivalent

2 2 _ + 2
Witr +tWorr =W

2 -,
The superscript 2 is for square and we have put the component indices 1,2, 3 into
subscript for easy reading. Use similarity transformation SMS~! = M% to diago-
nalize the mixing matrix. Transformation matrix S belongs to SO(2) for real mixing
matrix. Gauge bosons transform as

W\ [cos&y —siné W

(Wi?) = (smgvvvv cosgww) (W;—) (3.40)
W\  [coséw —siné %%

(W%) = (Sinfvv:// cosgww) (W}) (3.41)

where &y defined as the mixing angle between two W matrix. Insert this back into
the mass mixing term.

cos&y  sinéy %(/{2 + K%+ 202) ) —1g%kK cos&y —sinéy
—sinéw coséw —2g°kK/ (k2 + K +2v3) ) \sin&w  coséw
dia dia
— (i i) (342
Moy My
where the entries are
; 92 2 92 2
miy = (8 + 17+ 20) ey + (8 R+ 20)shy — gR swew
dia_922 21 9,22 922 219,22 2 1
i = S0 2 O 2R e
2 2 :
m?® = mdie = —%(/@2 + &7+ 2 swew + gz(/fQ + 1+ 28 swew
1
+ 592/{/{’(3%4, — )
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3.3 Higgs Kinetic Terms

where sy, ¢y are abbreviations of sin &y, cos & respectively. The off-diagonal parts
are expected to be zero m?%® = m%i¢ = 0. Dividing cos? &y on both sides and doing

some algebra, we have

KK

tan 2 == 3.44
an £W V]% _ V% ( )

This is the diagonalization condition of W#* mass mixing matrix. It is not hard
to see that W', W, have the same mass as W, , W, respectively. Write down the
masses expression with tan 2&y,

2 2
My, = g—(/i2 + /%) + I cos? Ew (Vi + vptan® &y — 2kk tan &)
942 g22 (3.45)
My, = Z(/i2 + /%) + 5 cos? &y (v tan® &y + v + 26K tan &)
Next, let us decouple the mixing of the rest neutral fields in Equation (3.37).
g’ 2 g9’ 2 g 2
(R )W (R 4 R+ A Wi — (57 + K War Wag
— 299 (V3Wap, . B, + viWag  B") + ¢* (V2 + v3) B, B*
War\ ' (G2 +R7+03) G (24 ALY
2 2
=| Wsgr %(EQ + /<;/2) %(FL2 + K2 + 4V12%) 2—gg/1/}2% Wsr (3.46)
B —99'v} —99'v% g wi+vy)) \ B

The transformation of the field states has the same structure as the three gener-
ations mixing. Using the standard parametrization without the phase shift, the
transformation is

Zy C13C12 C13512 513 Wisr,
Zy | = | —S23513C12 — 23812 —S523513S12 + C12C23  523C13 Wsr (3-47)
A —C23513C12 + S23S12  —C23513S512 — S23C12  C23C13 B

where the shorthand is the same as Equation (2.83). It is not easy to diagonalize
Equation (3.46) directly. Besides, we can make some approximations to the VEVs
to simplify the mass matrix. The masses of charged W bosons as well as the neutral
bosons masses in a glance of (3.46) are symmetric in exchange of left and right
indices, which means they have parity conservation. One of the methods to generate
the chirality asymmetry is to suppose that the VEVs are in different hierarchy of the
mass scales. From the mLRSM to the SM, the right-handed gauge fields hide away
and only the left-handed fields remain. In this circumstances, the right-handed VEV
are assumed to be much larger than the left-handed VEV, i.e. vg > vy, and the
mixing between W and Wx can be ignored. This approximation will be reconsidered
in the discussion of neutrino masses. Now let us admit the approximations: (1) 015 =
0 in Equation (3.47) when we ignore the W, Wx mixing; (2) vg > v, vgp > Kk =~ K.
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3 The Minimal Left-Right Symmetric Model

The transformation matrix (3.47) then goes to

Zy C13 0 513 Wit
Zy | = | —s23513 23 Sascis Wsr (3.48)
A —C23513 —S23 C23C13 B

and solve the characteristic function to obtain the eigenvalues

v — A 0 —g'v}
0 grh—XN —ggvk | =0 (3.49)
—ggvi  —ggvk ¢E— A

and the eigenvalues which are the masses of 73, Z5, A are

ma =0 (3.50)
1 1

mz, =5(9"Vi + 9"V + 9V + 9 vh) — 5 VA (3.51)
1 1

mz, :§(g2yl% + gIQV% + ng]Q% + 9’21/12%) + 5\/ Ay (3.52)

where the discriminant Ay is
2 2
Ag = (g°vi + gp*vi + ¢*vi + g vR)? — Alg'vivg +2¢°g" vivR) (3.53)
then use the approximation v, < vg, it comes to

1 2
mz, ~ §(g21/L + g'Qu%) (3.54)
My, ~ G Ve + g’zyl%b (3.55)

where in our approximations, the mass of the light Z boson depends on the left-
handed Higgs scalar VEV v, and the heavy one is related to vg.

3.4 Quark Sector

The only contribution for quark mass terms is,

3
- Z(QL1F3¢QRj + QufgéQRj + QR@TF?J'TQLJ‘ + QRi&ngQLj)
i,

=—r(ur g t)T" (ur cr tR)T—H'(E 55 b)) T (dr sr bR)T

— K (W cr E) I (UR CR tR)T — K (@ SL E) I (dR SR bR)T
+he. (3.56)

38



3.5 Lepton Sector

where F,f‘ are 3 by 3 matrices (Yukawa matrices), and the superscript u,d are
for up types and down types. Define the transformation to the Lagrangian from
flavor states to masses eigenstates. The mass eigenstates of the quarks are qf =

(u,c,t)] p and qf = (d,s,b)] p.

Q%,,R = UE,RTQ%,R QL R~ UL R L R
rr=QrrRULR QL,R = QL,RUL,R (3.57)

The matrices Uy AU e ="Uf RTU /' = 1 are unitary matrices for diagonalization

transformation. These are part of the CKM matrix VCEM = puyé df (Cabibbo-
Kobayashi-Maskawa matrix [68, 69]) which is defined from the quark current, i.e.

L= =g VMW + hee (3.58)

This allows us to make an assumption in the left-right symmetric scenario: V&M =
UngT = U}%Uj‘y, the right-handed transformation matrix is identical to the left-
handed one. The diagnolization procedure is very similar with what we have done
in the SM. But we have both right-handed and left-handed doublets now.

—’@ILLUETFUU dr — “/q%UdTFdU CJR - KIQ%UETIWURQR - "f(ILUdTFdUd R+ hc
= — @ (RUMT U + K UMTUR) g% — g (sUSTUL + KU TUL) gk + hec (3.59)
And the diagonalization of the I' matrices are
UpdiTeay st = v Urd eyt = jrtias (3.60)

where the parameters of the transformation follow the discussion of the standard

parametrization. The masses of up quarks and down quarks are proportional to the
VEVs,

di di
Muyer = KM o + K Mg

u,c,t u,c,t

_ Mdmg deg (361)
Masp =k Mg gy + KMy

Thus, for the not-exact SU(2) symmetry of u-quark and d-quark, the mass scale of
quarks k + k' is much smaller than the mass scale of right-handed bosons v under
the assumption in the last section. The very high masses scales of top quark and
bottom quark can be provided by the Yukawa couplings.

3.5 Lepton Sector

There are two types of mass terms that contribute to leptons. One is the Dirac
masses that couple with the bidoublet Higgs field, and the other one is the Majo-
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3 The Minimal Left-Right Symmetric Model

rana masses couple with left- and right-handed Higgs triplets. The mass scale of
neutrinos of any BSMs is a crucial property to combine experiments and theories.
In the SM symmetry, the pure Dirac neutrinos are massless due to the lepton num-
ber conservation and global gauge invariance. The existence of massive neutrinos
is consistent with the lepton number violation. The lower bound of the massive
neutrino mass scale shows the observation possibility of these neutrinos. For other
reasons, the heavy neutrinos could be a hint for why light neutrino masses are much
smaller compared to the charged leptons. We have seen in the previous section that
the smallness of the light neutrino masses under the seesaw mechanism is generated
due to the large mass of the heavy neutrino. Now let us derive the expression of the
masses of charged leptons and neutrinos in the mLRSM.

The Dirac neutrino masses

The Dirac neutrino masses are available for vyvr + vryr term. The derivation
procedure is the same as the one for quarks in section 3.4. But the transformation
we introduce here should have different values in the entries. They form the PMNS
matrix in the lepton charged current, as we have done in the SM case, see Equation
(2.74). The mass terms using the mass basis are

T (kMY + K M5 vig — 1 (kMY + &' MY)Ig + h.c. (3.62)

where the diagonalized mass matrices for the neutrino mass are
MY = UY' T U, MY = UYTVUY, (3.63)
ML = UL'TUl ML = UL (3.64)

The transformation matrices have the same structure as those of the SM. The PMNS
matrix from the lepton-W3, current is: UPMN9 = Uluy = UQUE (the left- and
right-handed transformation matrices are equivalent) [30]. There is no difference for
how the three flavor generations v,, v, v, mixing from different models, unless other
type of neutrinos are taken into account. We have the Dirac neutrino masses and
charge-lepton masses [70]

my, = kMp ; + R/MEJ- (3.65)

my, = kMp; + R/MIZM (3.66)
where the subscript ¢ runs over 1, 2, 3 of the mass eigenstates and the corresponding
entries. The pure Dirac neutrino mass depends on the VEVs of the Higgs bidoublet
and the Yukawa couplings. The masses of charged leptons differ from the neutrinos’
only in Yukawa couplings. One can choose a condition where charged leptons and
Dirac neutrinos have a similar mass scale.
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3.5 Lepton Sector

The Majorana neutrino masses

From Equation (2.25) to (2.28), we introduce the charge conjugate operator and
the Majorana field. The charge conjugate operator is representation dependent,
and in this thesis we are using Dirac spinors. Remember, the gamma matrices
and the charge conjugate matrix only act on the neutrino wave function under
the Lorentz transformation (for the wave function ¢(x) for example, there are two
spinors solution of Dirac equation and for each there are two components, so 4 in
total). We do not need to consider it explicitly in the Higgs mechanism, where the
SU(2)L.r doublets couple the SU(2) triplet Ar g. The Majorana terms with the
Hermitian conjugates of Equation (3.2) are

.,%éw = — Z {GL,ijL_iiiU2ALLLj +GR,ijL_CRZ-Z'O'2ARLRj}
Leptons

— Z {GLvijL_L’iZ'O'QAL(LL,j)C—|—GR7¢]'EZ'O'2AR(LRJ)C} (367)

leptons

where we directly use i09Ap g instead of 7 - AER since only the o, component
remains when entering the VEVs. o5 is the Pauli matrix with imaginary entries.

Here we take: o1 = (0 1) , 09 = (O _Z> ,03 = (1 0 ) We also have i0307, =

10 i 0 0 -1
—70L 0

contains a 6 X 6 matrix

and the right-handed counterpart. The explicit form of (3.67)

M — —— —— = — —& T
L =— (v v Ve ef 1% 7i) Grexe (Ver Vur VL er pr TL)

— — — — — — T
_<VgR Vur Vir €R Mg TIC%) GRrexo (VeR Vyr ViR €R HR TR)

+ hec. (3.68)

where the 6 x 6 matrices Grgyg, GrRexe are,

G11200 1353 Giap(——=07 T3x3)
G % 3.69
166 <G21L(—\/%52113x3) Gaap(—07 T1343) (3.69)
G11r0% 1353 Giar(—=0515.3)
Grexs = V2 3.70
Ro<o (G213<—%5gngxg) Goanl~54 1) (3:70)

G111, Gi2r, Gaip, Goap, is the Yukawa coupling matrices, and each of them is a
3 x 3 matrix. The first block in the block matrix produces the mass matrix for
neutrinos. As we can see, the charged leptons do not couple with the first block,
which means that they do not contain the Majorana mass. The fourth block matrix
G2y, generates the interaction of the charged leptons and the charged Higgs scalars,
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3 The Minimal Left-Right Symmetric Model

where we can calculate the coupling of the lepton-Higgs vertex. The vertex depends
on the Yukawa matrix,

L= CGoorasdi G s+ Y Goorasdih 15 olrp + hc. (3.71)
a,B a,B

where o, 8 = e, pu, 7. In the SM, we have an assumption that the Dirac neutrino mass
is at the scale level of charged leptons. Here we can reach this by assuming that all
the Yukawa matrices are equivalent, i.e. Gi1;, = Gia; = Ga1, = Gazp, = G, In
order to determine the Yukawa matrix, we require the mass terms with the VEVS
inserting into the Lagrangian. Let us explicitly calculate this:

1
.ny:_QVL (v vir Vi) Go(ver v VTL)T
1

_iyR(ugR ViR ViR) GR(VeR ViR VTR)T+h.c.

3 3
1 o .
=— M"Y (Vv + Tin(va)®) — SvrME Y (Viprir + Tir(vir)°)

2 2
(3.72)

where MM is the diagonalized matrix from G, and since the flavor mixing matrix
G is supposed to be real, the diagonalizations of G and G' give the same result:
MM =U lTLG UL, In the model without parity asymmetry, the Yukawa matrices
G and G can be chosen to be the same. But we will still have the subscripts in
the later derivations for clearer reading. The mass couplings of the left- and right-
handed neutrinos in the field theory perception are v, MM, v M} respectively. The
Yukawa matrix can then be written as

Grr=UMPU! (3.73)

where U is the neutrino mixing matrix. Continue from Equation (3.72) and define
a combination of the neutrino fields and its conjugate,

Ny =vp +v5 Ng = vg + v}
The Majorana mass terms now can be written as
1 N 1 S
LM = — §VLM£/[ Z N& Nip, — §URM,§4 ;N;RMR (3.75)

Therefore, the masses scales of left(right)-handed neutrinos are proportional to
VEVs v (vg) and the Yukawa couplings. Let us calculate a bit more, to check

if the fields we define here are really Majorana fields, i.e. CNC = CWLT LN I.
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By doing this, we take the charge conjugate to Ny,

ONLC = O = O + CEl =7 + O(—vIC YT
—T
=l +C(—(CHly) =vf + v = Ny, (3.76)

in the last line we use the fact that (C~1)T = —C~!. With the same reason in the
SM, we now put the Dirac neutrino terms and the Majorana neutrino terms together.
For simplicity, the summation symbol has been removed. (I have to apologize for the
inconvenience of notation; vy, g are VEVs of Higgs triplet and those with subscript
i are Dirac neutrino fields.) We can write vg = v{ from Equation (2.28). The
Lagrangian would be

L = = T (kMp + K Mp)vin — Gi(sMp + & Mp)viy

1 — 1 —
— §VLM£/[NZ‘CLN1‘L — §IJRM}]¥NZ-CRNZ'R
__Llom o ( mME (Mot RMp) (v
2 il R (HMD + I{/MD> VRM}]%/[ VER

T ° VLMiV[ (kMp + "Q,MD) vir
(VzL ViR) ((HMD—FI{/MD) VRMIJ%/[ Vir (377)

N[ —

where we ignore the superscript v of the Dirac mass matrix. The mass matrix is a
6 X 6 matrix mixed by the Dirac and Majorana neutrinos. This mixing mass matrix
has the same structure and symmetry as the one in the SM, i.e. “SU(2)r x U(1)y
with right-handed singlet fixing”. In the mLRSM, there are right-handed coun-
terpart contributions for Dirac es, which come from the “Higgs bidoublet- lepton”
interaction.

The Seesaw Mechanism

Equation (3.77) can be diagonalized to light and heavy neutrinos using the seesaw
mechanism. This is called the type Il seesaw mechanism, where the Higgs triplet
with heavy VEVs has been taken into account. First solve the eigenfunction of the
mass matrix. The exact eigenvalues are

1 1
my, == MY +vpME) — VA
2 2 (3.78)
1 M M ]_ )
ml,2 :E(VLML +VRMR)+§VA/

where A’ is the discriminant,

A = (VLMé\/I + l/p“]\flj%/[)2 — 4VLZ/RM£/[M1]¥(/€MD + H/MD>(K,MD + H/MD) (379)
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3 The Minimal Left-Right Symmetric Model

Let us determine the transformation matrix, and write the general diagonalization
of any real 2 by 2 matrix.

cosf) —sinf M (b a cosf sind
<sin6 COS@)VRMR (a c) <—sin6 cos@) (3.80)

where the shorthand a, b, ¢ is
a=rkMp+ k' Mp b=uv MM c=vrMy (3.81)
We set the off-diagonal part to zero in order to find the mixing angle € relation.

9 _
¢ cos 260 = - (3.82)

tan 20 =
c—b 4a? + (c — b)?

where we consider the same approximations of the VEVs v, < vg, k+ K < v, and
this leads to ¢ > a,c > b. With these conditions, the diagonalization matrix could

be written as
1 v2a
5, 0 (3.83)
B
then the mass diagonalized matrix is

p— 222 )
c—b
a2 (3.84)
( 0 ¢+ B2

Put back the exact expressions of the shorthand. The masses of neutrinos through
the seesaw mechanism are

my, =~ VLMéw — 2\/§(RMD + IQIMD)T(VRMIZ%/I)il(K]MD + HIMD)

~ . 3.85
my, = veMY + 2v2(kMp + &' Mp)* (v MM )Y (kMp + &' Mp) (3:85)
or make a further estimation (v, =~ 0)
Mp + K'Mp)?
my, ~ (KMp + RM ) my, ~ vpM} (3.86)
I/RMR

where ¢ is for three generations. M is the short for M; that gives the entries of the
Yukawa matrix couplings. The seesaw mechanism we have done here is based on the
same mathematics as the SM’s process. For any mixing of two components of fields,
we could do the same procedure. For some other models which introduce additional
fields coupled with neutrinos, the mass matrix will be enlarged to a 3 by 3 matrix or
even to higher dimensions. We will not discuss them here since it is not the major
topic of this thesis, but one can still take a quick glance at section (3.6).
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3.6 Other Left-Right Symmetric Scenarios

The Equation (3.86) implies that the light neutrino-heavy neutrino ratio is ap-
proximately

my,  (kMp + K’MD)Q
~ (vrMM?

- (3.87)

k3

when compare to Equations (3.66) and (3.38) we come to the conclusion that the
ratio in mLRSM under the approximation vg > v, = 0,vg > k/K’ is rewritten in
this way:

2
my, . mj

(3.88)

~ 2
mpy; mWR

where the mass scale of the right-handed gauge boson is proportional to vz. Consider
the electron neutrino, the ratio becomes

My, m?

< (3.89)

my. My,

It is not forbidden to choose a heavy neutrino around my, ~ 230GeV [60, 64]. If
we want the light neutrino mass smaller than 1eV, we need the right-handed W
boson mass scale to be my, ~ 240GeV from Equation (3.89). Therefore, with
the data from the SM experiments for the mass of the left-handed W boson [71],
we have my, 2 3my,. The choice of the heavy neutrino mass is then consist to
my, = Mwg =~ VR [60, 72]

We can also choose different heavy boson scenarios. In the above seesaw mech-
anism, usually we choose vr to be very large, and this leads to a very large right-
handed gauge boson comparing to the left one my, > my,, so that we can ob-
tain a naturally vanished neutrino mass [60]. In the assumption where it is only
vg > Kk + K/, and with the W gauge boson mass (3.45) my, ~ k + k', we have

2

the neutrino mass ratio m, ~ —%. Therefore, when the heavy neutrino mass is

WRr
supposed to be at the limit of 1GeV, in order to have the light neutrino mass < 1eV,
it requires a very heavy right gauge boson my,, ~ 10*my, to My, ~ 10°myy, .

3.6 Other Left-Right Symmetric Scenarios

Here we introduce some other LRSMs which have parity restoration at higher sym-
metry in common. Since the Majorana neutrino and the neutrinoless double decay
are not directly detected, one can also imagine a model without Majorana particles.
For instance, (1) in the paper [73], the authors construct an alternative global B — L
number conserved model with two Higgs doublets xrry = [1,1(2),2(1), 1] instead
of one Higgs bidoublet. There is also a pure scalar field introduced to enlarge the
symmetry by another U(1), where they define an additional quantum number ¢ to
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3 The Minimal Left-Right Symmetric Model

compensate in X = B — L 4+ (. The Dirac es are generated from a two-loop ra-
dioactive diagram and a Dirac seesaw mechanism. (2) In [74], two leptoquarks and
their duals in left-right associated with a new global quantum number have been
introduced. The decaying process of the leptoquarks can explain the baryon number
asymmetry even there is no massive Majorana neutrinos. The neutrino mass is gen-
erated through a Dirac type seesaw mechanism. However, these models under the
minimal left-right symmetry do not approach the hierarchy problem of the standard
electroweak and beyond [75]. In some other models, the parity violation is related
to the spontaneous breaking of baryon and lepton numbers, so as to satisfy the ex-
periment bounds on proton decay [76]. What’s more, there are models with higher
dimensions of symmetry groups, especially the enlarging of the generations such as
SU(A) x SU(4)r x SU(4)g [56]. Furthermore, there are symmetries in even higher
dimensions, the so-called SUSY (supersymmetry) models, such as MSSM (minimal
supersymmetric extension of the standard model) [77, 78].
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4 Neutrinoless Double Beta Decay

4.1 Review of Double Beta Decay

Before we discuss double beta decay, it is necessary to start from the review of the
single beta decay. The single beta decay is based on the weak interaction where a
neutron transits to a proton state while the mother nucleus emits one electron and
one electron antineutrino. The process can be written at the nuclear level as

(A, Z) — (A, Z+1)+e +7, (4.1)

where A and Z are the nuclear mass number and the nuclear charge number (or
proton number), respectively. If the mass of the daughter nucleus M (A, Z + 1) is
less than the mother nucleus M (A, Z), the decay process is permitted kinetically.
The mass excess difference between them includes 1) the nuclear binding energy
difference in various charge number Z with same mass number A; 2) the odd or
even character of neutrons and protons in composition; and 3) the nuclear shell
model [79].

1
M(A,Z) — My = 5BA(Z —ZA)*+Py—S (4.2)
where M4 is the mass excess of the stable nucleus when Z = Z4. The difference in
binding energies with respect to Z is a parabolic form, and it is called the semiem-
pirical equation [80]. S is the shell model correction term. Py is specified as

—1 even-even
Pyox ¢0  even-odd (4.3)
+1 odd-odd

where “even-odd” refers to even proton number and odd neutron number N = A—Z.
In beta decays, the mass number A of the nucleus is identical before and after the
decay. This will lead to two parabolic functions for the even mass number (even-
even and odd-odd). In the odd mass number case, there is only one parabolic
function. The transitions from the neighbor nuclei always have one proton number
in difference and thereby the single beta decay is the highest possible among other
format of beta decays. However, when the mother nuclei have even A number, two
neighbors with one proton number different come from two parabolas (odd-odd and
even-even), see Figure 4.1. This time, the single beta decay may not be the highest
possible process. When single beta decay is kinetically forbidden, double beta decay
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4 Neutrinoless Double Beta Decay

M

odd-odd

even-even

Figure 4.1: An example of even mass number beta decay where A = 130. The decay
of the mother nucleus (A, Z) = (130,53) can decay into two daughter
nuclei (130, 52) and (130, 54). The mass energy of Z = 53 one next to the
minimum is higher than the second neighbor of the minimum Z = 52,
which means the single beta decay from Z = 52 to the Z = 53 cannot
happen spontaneously, instead the decay from nucleus (130, 52) to the
minimum state provides possibility, or in another word, single beta decay
is prohibited.

has a chance to be dominant. The beta decay processes which change two proton
number per time such as (130, 52) — (130, 54) are called double beta decay. There
are several types of double decay allowed by the SM mechanism [81].

BB (A Z) — (A, Z +2)+ 2 +27,
BB (A Z) — (A, Z —2) + 2" + 21,
ECEC : 2¢™ + (A, Z) — (A, Z — 2) + 2,
ECBY :e” + (A, Z) — (A, Z —2) +e" +2u,

(4.4)

The first process acts like two single beta decay adding together. The diagram is in
Figure 4.2. EC stands for electron capture process. Although the double beta decay
process is naturally allowed, the half-lives of the processes are extremely long. The
observations in these decades show that the half-lives range from 10 to 10?* years.
Here are some example isotopes, see Table 4.1 [55].

T% is the half-life of the process. Half-lives are defined as the time period from
the original substance decaying to the half amount of the substance. Assume that
we have N(t) unstable nuclei at some time ¢. The number of decay nuclei in an
infinitesimal time period dt is proportional to the total number of unstable nuclei
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4.1 Review of Double Beta Decay

d U
w 7
-
o
1% Ve
d U

Figure 4.2: 5=~ decay

in ¢ [34].

AN (t)
— = =-TIN() (4.5)

where I' is the transition probability or decay constant. This constant depends
on the specific nuclear type as well as on the initial and final states. This can be
calculated approximately using quantum field theory, and so-called “the decay rate”.
Solve the differential equation to obtain

N(t) = Noe (4.6)

where N is the initial radioactive nuclei number. With the definition of half-life,
we have

1 -TT,

§N0 = Noe 2
=
In2
T, = HT (4.7)

where we can see that the decay rate and the half-life have a linear relation.

Theory

The single beta theory at the nuclear level was first studied by Fermi in his article
in 1934 [85]. The “Ubergangswahrscheinlichkeit” (transition probability) depends
on two parts separately multiplying together. One is the nuclear parts with respect
to the initial and final states of neutrons and protons while the other refers to the
electron/neutrino wave functions in relativistic situation (i.e. the solution of the
wave function from the Dirac equation). The first is called nuclear matriz element
(NME) and the latter is phase space factor. This theory of beta decay has been
expanded in 5~ 3~ decay with the consideration of the out-going leptons correlations.
In 1935, Maria Goppert Mayer first proposed double beta decay [86]. Reviews of
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4 Neutrinoless Double Beta Decay

Isotopes 2v353 T} (10%yr) Method ‘ OvBB T, (10%3yr) Method
18Ca 0.064 10007 NEMO-3 > 0.58 CaF, scint.
6Ce 1.926 + 0.094 GERDA > 1800 GERDA
6Ce > 270 MAJORANA
6Ge > 157 Enriched HPGe
Kr 9.2752 BAKSAN

82Se 0.096 =+ 0.003 NEMO-3 > 24 CUPID-0
82Se > 1 NEMO-3
967 0.0235 #+ 0.0014 NEMO-3

100Mo  0.00693 4 0.00004 NEMO-3 > 0.95 AMoRE
100Mo 0.007129:90018 CUPID-Mo > 11 NEMO-3
16Cd  0.0274 4 0.0004 NEMO-3 > 1 NEMO-3
16Cd 0.026370- 0012 AURORA > 2.2 AURORA
16Cq 0.02910-002 CdWOy, scint. > 1.7 CdWOy scint.
128Te > 1.1 Cryog. det.
130Te 0.7 4 0.09 NEMO-3 > 30 CUORICINO
130e 0.82 + 0.02 CUORE-0

134X e > 0.87 EX0-200 > 1.1 EX0-200
136X e 2.38 4 0.02 KamLAND-Zen > 110 EXO0-200
136X e 2.165 £ 0.016 EX0-200 > 2.4 PANDAX-IT
136X e > 2300 KamLAND-Zen
15ONd  0.00934 4 0.00022 NEMO-3

Table 4.1: Isotopes of 8=~ decay and possible Ovf33 process to 01 ground state.
Data from [55, 82, 83]

the complete theory in recent 30 years are here [87, 88, 89]. We will follow [89] and
write the brief derivations.

The beta decay can be described by the effective weak interaction Hamiltonian
whose Feynman diagram is a four leg effective one.

Grcoslo , . . . .
FTQC(JLMJET + /@]L,ﬂ]]’éT + anMJZT + AJRMJI‘%T) + h.c. (4.8)

where G’ is the Fermi constant and cos 0 is the Cabibbo-Kobayashi-Maskawa angle.
J,J are leptonic and hadronic currents, respectively. The coupling constants x,n, A
are

Hweak: =

(t)? + tan® ¢ [1— (Gt)? tan¢
(Tl N=K = = (4.9)
1+(m—v1/2) tan? ¢ 1+(m—W2)tan ¢

where myy,, my, are mass eigenstates similar with (3.41) and ¢ = &y is the mixing
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4.2 The Standard Mechanism

angle in the fixed right-handed current model. If we only consider the left-handed
current in the 2v33 process, the differential decay rate is

dpy, dpy dk;,  dks
(2m)3 (2m)3 (2m)3 (27)3
(4.10)

dFQ,, = 271'22 ‘A2y|26<€1 + € + Wy + Wy + EF — E[)

%] spin

where A is the matrix element amplitude. py, ps, €1, €5 are the momenta and energies
of the emitting electrons. wy,wy are the energies of the emitting neutrinos. If we
only consider the S-wave leptons, the combinations of the angular momentum permit
two transition processes: 07 — 0% and 0% — 2%. The decay rate can be expressed
as leptonic parts and the nuclear interaction parts. With Equation (4.7) we have

o FQV o F21/M21/
" In2  In2

(7)™ (4.11)
where F3, and M,, are phase space factor and the NME. One can find the detail
derivations of the phase space factor in a review paper [90]. They also numerically
solved the radial wave function of electrons from the Dirac equation under different
assumptions of the nuclear potential. The codes are in another article [91]. We only
show an overview of the 2v5(5 decay. We will calculate the Ov33 decay rate under
mLRSM in the following sections.

4.2 The Standard Mechanism

In the double beta decay, the neutrinos and electrons are supposed to emit out.
The process can be described as two single beta decays with the correlation of the
out-going leptons. Thus, the diagram in this way looks like setting two single beta
decay together. What if the neutrinos in Figure 4.2 are Majorana particles? The
Majorana particle is its own antiparticle so there will be a neutrino exchange in the
mediate that connects the two single beta decay diagrams (Figure 4.3). This means
that the neutrinos can propagate in the neutrinoless double decay and there will be
no out-going neutrino. The Ov/35 process with two out-going electrons is

(A, Z) — (A, Z+2) + 2~ (4.12)

We can use (4.4) to rewrite the other types of processes for Ov35. Since we do
not know whether the neutrinos are Majorana or Dirac type, any isotopes observed
in double beta decay can be candidates in the neutrinoless double decay, see right
panels of Table 4.1. If the neutrinoless double beta decay rate is not much smaller
than the corresponding double beta decay rate, OvfSS is not suppressed and the
detection is possible. The standard mechanism of neutrinoless double decay refers
to the possible decay under the SM symmetry group with the Majorana neutrino
fixing. In Chapter 2, we add the right-handed singlet to form Majorana neutrinos.
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4 Neutrinoless Double Beta Decay

dj, —»———»— UL
W,
> €y

\
1 v; N;

> €y
Wr

dy, —»—<—»—Uurg

Figure 4.3: The ’standard mechanism’ with two left-handed W bosons

In the standard mechanism, only the left-handed currents are taken into account.
The diagram shows in Figure 4.3, where we consider the light neutrino propagating
in the mediate state since we only have left-handed lepton-boson interaction in the
standard mechanism. One needs to notice that the neutrinoless process is definitely
not a SM process, so the standard mechanism does not equal to the SM mechanism.
Historically, the terminology may come from the fact that the theory of double beta
decay and neutrinoless double decay appeared earlier than LRSM or SUSY [11, 86,
92]. In the past half century, the theories have been studied by several papers. For
a review of the recent study, the readers can find here: [54, 93].

We are interested in the phase space factor and the NME, and we need to calculate
the decay rate. The process of calculating the decay rate is nothing different from the
calculation of physical expectation value, or physical observable multiplied with the
density of states. We consider the low-energy non-thermal decay process, where we
sandwich the Hamiltonian between the initial and final states and integrate over the
whole space. The four dimension momentum is conserved in the process. Explicitly,
we should be aware of the different contribution in each diagram from different
channels. This comes from the exchange of the momenta of the out-going electrons,
while in the non-standard mechanism, this comes from the exchange of chiralities
in each vertex as well. One finds the specific details in every single calculation of
the diagram. The general expression of differential decay rate in Fermi’s golden rule
is [94]

2m)* 9 cd d?
ar =2l s o oyt (4.13)

where 7, f sum over all the initial states and final states, respectively. M is the
Lorentz-invariant matrix element, or the matrix element. Its physical meaning is
the Lorentz-invariant transition matrix from all initial states to final states. The
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4.2 The Standard Mechanism

matrix element M can be expressed as

IM* = (][ 2E:2E))[(f] Ali)|* (4.14)
iof

where A is the amplitude operator of the process. Now, let us first find A. In a
scattering process, the matrix sandwiched in the initial and final states is usually
called the S-matrix (scattering matrix). This is the correlation function including
the in-going and out-going particles wave functions, propagators, and momentum
conservation couplings (vertices). In order to make our life easier, we can directly
write down it through Feynman diagrams 4.3 in the tree level approximation by
using the Feynman rules (see Appendix E).

In literature, people are mostly using the effective field theory [95]. With some
reasonable approximations , specific Lagrangian can be reduced to an effective La-
grangian which helps the further analytic calculations. The effective Lagrangian are
not perturbatively renormalizable at most of the time, because the couplings usually
have negative mass dimensions. For example, the famous 4-fermion interact picture
in dimension-6 theory is not renormalizable. This problem cannot be avoided, but
one can add fixed couplings and a manual cutoff [96, 97]. When we are talking about
the electroweak theory of the SM, the heavy W/Z bosons naturally give this cutoff
due to their mass scale in the long-range approximation. The mass scales of different
bosons are related to the symmetry of the model, and this is one of the reasons why
people are building models to find the solution of the hierarchy problem. In other
words, it is efficient and mathematically safe to use an effective Lagrangian. Let us
start with the standard case with two left-handed gauge bosons, see Figure 4.3. The
amplitude of this diagram is

7 - LGuv
—ﬁv“gLPLVJd)d(pl) g i’:%VL e

—u(, - i v _ZUezz( +mVZ) - 1
- [e (]%1)(—%%7 Pp)] - Py e —f»ﬂ i PLC - [ (pe) (——=
i9po '

V2
i
Py, — Miy, +ic

A = a(pz)(

97" PL)]

~(pa)( ﬁv”gLPLVud)d(pE) (4.15)

where u(pa4), d(p13) are the quark wave functions and e€*(pe; e2) is the electron wave
function with one of the spinor components u. p = ¥*p, and p in the propagator
is the neutrino momentum. m,, is the neutrino mass (the subscripts in m are not
Lorentz indices. I have to again apologize for the inconvenience sub/superscripts.
We are running out of Greek letters, and this funny phenomenon sometimes happens
in studying physics.). The charge conjugate operator can be eliminate by

C’[Ev“PL}T = CPF 1" = Ppy*Cul = y* Prus
= " Pgro (4.16)
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4 Neutrinoless Double Beta Decay

where v is the other spinor. We can also use PpP;, = P and the position exchange
of the gamma matrices, then Equation (4.15) is reduced to

. 1 g —
A= (—igp)*- = -a(p)y* PLV,,d(p1) - 2 -e%(per) (v Pp) x
(=ige)” - - W(P2)y" PrVid(pi) 7 g, v ¢ (per) (v Pr)
—i(p + UZmy) iGpo

(Py?)(e")(pea) - -(pa)y” PLVyad(p3)  (4.17)

p? —m2 +ie Py, — Miy, +ic
If we consider the propagating energy of the process as 100MeV scale, it is much
smaller than the mass scale of the left-handed W boson which is known as 80GeV.
That is to say, when we are dealing with heavy particle propagators, the mass part
dominates. The momentum part can be ignored by using the method so-called
the “integrate out”. The idea is to integrate out the large scale A field from the
path integral of the generating function. We will obtain a effective action that only
depends on the rest field but not on the heavy field, and the effect of the heavy field
is represented in the derivative expansions ordered in the power series of the large
energy scale A. The derivations are in the Appendix C. After “integrating out” the
W bosons, we have

. g% 2wl UeQiml/i 5 u\e ()= 1284
Acts == ~igpg, Vet Wy g (= vl ) - T T (418)

p disappears since P, changes into Pr when passing through odd number of gamma
matrices, see Equations (4.33) and (4.35). In the last equation we use (E.18) to
define the hadronic current J

(P27 (1 = 7°)d(p1) = J; (P, p1)
u(p1)y"(1 = ~")d(ps) = J7 (i, p3)
the effective neutrino mass is much smaller than the possible propagating neutrino

momentum p, thus the momentum dominates in the denominator. Finally we obtain
the effective amplitude

(4.19)

. T 1 u\e/ —
ALY = iGL(U2m, )V - e“(pel)w]g(l — V) Y,(e") (pe2) - J1T7 (4.20)

where Gp is the Fermi constant, Gp = v2¢%/(8mj,, ). From Equation (4.20) we
know that the amplitude of the lowest level of the neutrinoless double decay is pro-
portional to the mass scale of the neutrino mass. However, this is not very physical,
unless we insert the amplitude into the initial and final states to calculate the cross
section or rate. In the position basis, the propagator contains the integration of full
momentum space which is part of the NME.

Let us first calculate the “standard mechanism” matrix element. From now on,
we will use the abbreviations LL for the diagram 4.3 and RR, LR-A\, LR-n LH, RH
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4.2 The Standard Mechanism

for the diagrams from 4.5 to 4.9. The matrix element of the standard mechanism is

(fl ‘Aeff |4)

=G (UZm, /d 10 (pr)e™ 1y,
L[y ! e (f| (LT
X (27 ) pT( 2ov” (fIT(ILIT) i)
— (p1 < p2) (4.21)

where we use the shorthand writing p; = pe1, po = peo. We suppose that the electron
wave functions as plane wave package approximation with spinors u®,v*, and s, s’
stand for the spin states. N, and NV, are normalization factor of the electron
wave package functions, N, , = 1 and p° is the energy component of the

—_—,
(2m)2 V p(1),2

4-dimensional momentum. The neutrino propagator is expanded in the position
basis. Use residue theorem to integrate the time component, and take into account
) > ).

e~ (z1—22) 1 / , e 0 (2 —a8) op* (41 —2)

1
lim —— [ d* = d 4.22
ﬂ@W/‘%W—W+k(%P P 2p0 (4.22)

For the other time ordered case, we will have 3 — 2z in the nominator. T'(J¥J7)

is the time ordering of the hadronic current. The last line of (4.21) means the
correspondent matrix element with the momentum exchange of out-going electrons.
Since the correlation function can be solved perturbatively by expansion series of
Hamiltonian in the effective theory, we adjust to the second order perturbation and
introduce the mediate states by inserting the identity operator ) |N,) (N,| = 1.

LTI TR) iy = " [ T7(@1) [N (Nl Jp(2) Ji)

n

+ (f1 T (@2) [No) (No| J7 (1) 17) ] (4.23)

and we can extract the time component by using the time evolution in Heisenberg
picture.

(FIT (LT |y = [eErm Bl eiEn=EDes (£ Jv () |N,) (Ny| T2 (i) |i)

n

BB BB (f] 12 (5) [N) (Nl JE(E) 1] (424)

E, are mediate energies. ¥ is the time component, and one can use the variables
separation to draw out the time part. Combine the electron package and neutrino
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propagator, the energy integration is
o0
/ dx?dxo zplxle—zpo(x?—:cg)eipgwg [ei(Ef—En)a:?ei(En—Ei)xg + ei(Ef—En)ﬂZ)ei(En—Ei)w?}
—0o0
(4.25)

Since we have the time ordering, the integration range of (4.25) can be separated to
match the each ordering.

0
oo 1’1
/ dz? / dxgei(p?—p°+Ef—En)x?ei(p3+p°+En—Ez'—if)xg
— o —0o0
o0 10
2 (09— O+ By — Ei—i€)20 i(pd4+-pO+Ef—En)zd
+ [ dal [ dale! PP A Enm i gipytpt 4 By = ) (4.26)
—00 —00

where in the first term we have 29 > 29, while 5 > 2% in the second term. The final
result of the integral is

—1 —1
210 (F E;
<En+p8+p°—E¢—ie+En+p(1’+p0—E—26) mo(Bs + 7+~ B)
(4.27)
where we use the formula below and the Dirac delta function,
00 o i 0 0 —i
/ dxoez(a+ze)m — lim : / dIO i(a—ie)x — lim :
0 e—0a + 1€ oo e—0q — 1€
yo . . — ) . .
/ dz0e!@=197° = iy ' gila=ioy’ (4.28)
oo e—0qa — 1€
Combine Equation (4.22)-(4.28) to obtain the matrix element,
LL)
(f |A£ff 1)
=G Z Ugimy,) Vi - Np1Np2F(pl)7u(1 - 75)7p7}5l (p2)
I | i (1~ )
3 3 —ip1-T1—1P2-To 3
X/d.ﬁlfldﬂfgep P W/dPZ—pO
< [3 1Tz (1) INu) ANu| Jp(@2) [8) (1 TE(2) [Nn) (Nu] JE(21) \i>]
En+ph+p0 — Ej —ie En+pi+p° — Ei —ie
X 216(Ey +p) + pb — Ei) — (p1 <— p2) (4.29)

It is not easy to calculate (4.29) further analytically, unless we discuss some approx-
imations [36].
1) Small neutrino mass: p’ = /p? + m? ~ p.
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4.2 The Standard Mechanism

2) Long wave approximation that two electrons are supposed to emit only in S-states
e~ W1 T1—iP2- T2 oy 1.

3) Closure approximation: introduce the effective energy of the middle state E,,.
The middle states are considered effectively.

4) Neglect the kinetic energy of the recoil nucleus in the laboratory frame: M; =
My+ ) +p) = pra+p+ By — My = 5% 4 p+ E, — MM o - MepMs

5) The impulse approximation: J“(xl)JL(xg) = J“(xQ)JL(xl). And in this ap-
proximation we have [89] JI'(Z) ~ > 6(Z — 7)7"[gv (¢*)9"° + ga(¢*)o?g""], where
T = %(7‘1 + i1y). 7; and o; are Pauli matrices. 7, converts a neutron state to a
proton state. Two left-handed hadronic currents correlation is (contract the indices
of gamma matrices)

Tun(@1)TL(Z)
=83 — Fn)0(&F2 — F) T v (629" + 94(a%) 09" gv (4P guo + 94(a%) 0} g
=Y 0(F = Fn)0(Zy — F) T g7 — (0" ™) g (4.30)

With all approximations and Equation (4.30), the matrix element has the form

(FIAG i) =iG( ZUQmm 2 Ny N (p1) (14 9%)0° (pa)

1 /d3 ep(rn Tm) [ ] |N>
P — T g -oMg
7 27)3 P+ B — M+Mf) +7+ 9y — A
X w0(Es + pi + 1y — E;) = (p1 < p2) (4.31)

where we use the Clifford algebra:

1

5 (Yo = 7 7) (4.32)

YuVp = Gup + 9

And only the first term of (4.32) contributes. The second term vanishes when con-
tracting with the hadronic currents under the impulse approximation. The exchange
of momentum in the LL case will lead to a factor 2 [89]. Let us generally do it step
by step. Exchange the momentum and do transpose, with the neutrino propagator
vector an additional a minus sign for inverse propagating p = —p

Yop’ +7 - P+ my

0 — —
= c - YoP + v-Pp +m, _
(@(p2) Pa( P )Paec(p1))" = e(p1)C" P (= 2 )P e’ (p2)
_ —0p’ =7 T+ my, .
—e(p1)Ps( WpQ jmpg ) Pae’(p2) (4.33)

where P, s is the projection operator, «, 8 can be taken left (L) or right (R). In the
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4 Neutrinoless Double Beta Decay

LL (also in RR) case, the same projection operators will eliminate the momentum
term in the nominator. With the original term, we have

0 — — 0 — —
_ Yop© =Y p+My,  Yop +Y P — My c
6(]?1)P/3( pg —m2 - p2 —m2 )POée (p2) (434)
a,B=L
— ml/ C
26(p1)mPL€ (p2) (4.35)

where we obtain the factor 2. It is obvious that the result will be totally different
if we choose LR chirality. We will discuss this in the LR cases. Next, calculate
the integration in (4.31) with respect to the neutrino momentum in the spherical
coordinates to further simplify the matrix element.

1 p (Tn Tm)
/d3p ° M+
(27T )? P+ En — =51)
— dgb/ d@/ dpp? sin 0 — _
3 / ﬁ‘i‘ En - MZ—;Mf)

1 7r .
— d / dpp? — / df sin Ge'IPllrnm|cosd) 4.36
(2m)? /0 ¢ 0 pp pp+ E, — Mi;Mf) 0 (4:36)

use Euler’s identity and integrate the two angles,

_ 1 /OO d 2 1 2sin ’p’ ’rnm‘ _ 1 /oo dp S (prnm)
o M;+M;\ — S = M;+M
(2m)% Jo |p||rnm| PP+ B, — 3 L) 2(7m)21nm Jo P+ E, — 5 L)

1 J—
——47TRH(rnm7 E,) (4.37)

where we define the neutrino potential function:

H(rom, Er) = 20 / dp sin (prnm) (4.38)
0

M;+M
T nm P + En — Tf

and 7y, = T, — Tm, p stands for |p]. Then the matrix element (4.31) becomes

(FLASD i) =2iG%( Zfﬂmm - Ny Ny @ (p1) (1 + 72)0* (p2)

XZ (Nf| o H s B3l — 67 - 57631 |V

X 7T5(Ef + ) + 9 — E) (4.39)
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4.2 The Standard Mechanism

Define the so-called NME in LL:
(LL) (LL) 912/ (LL)
MOv = MOU,GT - EMOU,F

LL n,_m==n _=m
Mgy & = Y (Ng| H(ru, Ep) 737" - 6 | N;) (4.40)

n,m

LL T \.n_m
MR =" ANt H (o, Ba) T2 |N)

n,m

The superscript identifies different cases, here we use superscript (LL) for the LL
case. The subscripts G'I' and F' stand for the Gamow-Teller matrix element and the
Fermi matrix element, respectively [84]. gy(¢?), g4(¢*) are vector and axial vector
form factors [94], we have [89]

(4.41)
254 (4.42)

where ¢? is the transfer momentum. Using these definitions, the matrix element
becomes

(1A i %ﬁzwmm Ny N (o) 1+ 970 (o) S 11420

5(Ef +p1 +p2 - Ez) (4-43)

Then we can do the absolute square of the matrix element and sum over the spin
states of the out-going electrons. The sum over of the spins behaves as the trace.
Add the spinor indices to show it explicitly

D @alp) (147"t (92)) wa(p1) (14 7%)ast (p2)
=0 () (1 =5 )eatuy(p1)wa(p1) (L + ")y (p2) (4.44)

using the spinors’ completeness relations (E.12) and calculating the trace, we will
obtain

?Wm—mM*me+mmuwm:%ym (4.45)

The full derivations of the trace is in Appendix F. The dot product of 4-dimensional
momenta can also be expressed as

p1-p2 = EvEy — pipa cos§ (4.46)

where F,, Fs are the energy of the out-going electrons. Factor % exists when de-
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4 Neutrinoless Double Beta Decay

tectors cannot distinguish the electron polarization. The leptonic part contains the
electron correlated angle &, which is an important observable in experiments. With
(4.45) and 4.46, the square of the matrix element is

GV 2
Z Ueimi)’ 27r)6Eg;R2 (EvEz = p1p c0s€) - ’M‘%L)‘

: 5(Ef —l—p1 +p2 - Ez) (4-47)

‘<f‘Aeff i)

One more necessity needs to be considered. The out-going electrons in the decay
process will interact with the Coulomb potential of the nucleus. This attractive
electromagnetic force gives a screening effect to the electrons. In the non-relativistic
approximation, we use the Fermi approximation H%Q,m to approach the effective
nuclear potential. This is done by multiplying the Fermi function with each electron
wave function. The Fermi function is

21
where n = 29 7 is the proton number of the mother nucleus and o = 1/137
P(1,2)

is the Sommerfeld constant or the fine structure constant. To compensate for the
momentum in 7, we need to multiply pips in the formula. Inserting all these back
into the general differential equation (4.13) and considering the momenta differential
p?p2sin £dEdp,, we obtain

v 2GEVaug!
dF(()LL) :|m65|2’M(()£L ’ W;R;(Elf% P1p2 COSf)
X F(Z + 2, El)F(Z + 2, Eg)plpg sin fddeg (449)

where |mgs|” = (327 U2m,,:)?. The half-life in Equation (4.11) can be expressed as
the integrate of (4.49)

L 7 R
In2 Msp

(T

2

« ’ GED(Q, 7) (4.50)
where the phase space factor G?Z L 1s

G4V
&%, ﬁ/ dTl/ I SAe U = g cosCpipe

X F(Z+27E1)F(Z+2)E2)

(4.51)

where T} = Ey — m,, @ = M; — My — 2m,, @ is the total decay energy (kinetic
energy released in the decay process). The additional factor % refers to two identical
out-going electrons in the final states.
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4.2 The Standard Mechanism

4.2.1 Effective Neutrino Mass

As we have already mentioned, the flavor states of neutrinos are

Vo = Z Ur.vi (4.52)

)

where U = Upgjorana = Uj is the Majorana transformation. Instead of the standard
parametrization in 2.5, we will use symmetrical parametrization [98] where each
rotation gains a phase. That is to say, the Majorana phase is not of the form of
(2.87), but additional phases ¢19, ¢13, Po3 are added to the corresponding rotation
in the first line of (2.83). In this way, we have for U [99]

U =
€13C12 Cr3s100 1012 s1ze 1918
_8235130126_7*@523_@513) — 023512€Z¢12 _8235138126_2(¢12+¢23_¢13) -+ C12C23 3230136_Z¢23
_02381301262(2313 + 82381262(¢12+¢23) _6238133126_Z(¢12_¢13) _ 523012€Z¢23 C23C13
(4.53)

where the Majorana phase indicates the CP violation. The neutrino mass trans-
formed between the flavor and mass eigenstates is proportional to U? from Equation
(4.52). Mathematically, if we want to transform to mass eigenstates in mass terms,
e.g. v, there will be U? afterward. We have already used it in the derivation for
the differential rate in the last section. The electron neutrino mass in Ovg3 with
the linear combination of mass eigenstates will be

(Mee) = (Mmgp) = Z Uzm (4.54)
with the matrix (4.53), we can write
(Mee) = ‘c%ciaml + 832033771262@12 + 8%3m362i¢13| (4.55)

From the neutrino oscillation (section 2.5), we know that masses m; 3 cannot be
directly detected from experiments. The oscillation experiments only provide the
mass scale of the differences Am,;. These experimental data are from atmosphere
neutrinos and solar neutrinos oscillations [100]. When the square difference in the
atmosphere Am, is greater than zero, it is normal ordering, and it is inverted
ordering when Amy < 0.

normal : my = y/m? + Am2, ms = \/m? + Am?
(4.56)
inverted : my = \/m§ + Am2 + Am?, my = \/m3 + Am?

61



4 Neutrinoless Double Beta Decay

where Am?2 and Am? are the solar and atmosphere neutrino mass square difference,
respectively. The hierarchy of the neutrino mass under different ordering are

normal hierarchy : ms ~ \/Am? > my ~ \/AmZ > my
(4.57)

inverted hierarchy : mg ~ my =~ 1/Am? > my
quasi-degeneracy : m2 = m? ~ m3 ~ m3 > Am?
Physicists usually draw the diagram of (m..) with respect to the lightest neutrino
mass in different ordering and hierarchy to clearly observe the features of the effective
mass. We show a brief plot in Figure 4.4. The figure has been plotted under the
range of the mixing angle 615, 613, 653, atmosphere /solar square mass differences and
the CP violation phase ¢ [101, 102]. The review can be found here: [54].

I E

Quasi—degenerate

0.100 |- 9
F Inverted i

|meel [eV]
(=}
(=}
(=}
T
1

0.001 3 Normal

I()"l . Lol . ol . Lol . L
10-4 0.001 0.010 0.100 1

Miightest [€V]

Figure 4.4: Normal: |me.| — mq; Inverted: |me.| — ms. The Quasi-degenerate part
refers to the overlap of the two orderings. The shaded area range is de-
fined by the minimum/maximum effective mass with varying Majorana
phases ¢12, p13. The values of the parameters ci9, ¢13, S12, $13, Amé, Am?
are taken from [55].

4.3 Ov(S in the Left-Right Symmetric Model

What if we use the mLRSM model to explain the neutrinoless double beta decay?
The mLRSM permits the existence of the Majorana neutrinos which leads to the
exchange of neutrino-antineutrino in the mediate propagation, i.e. it is reasonable
to use mLRSM to calculate the cross section and the decay rate of neutrinoless dou-
ble beta decay. The main work is to calculate the matrix element that sandwiches
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4.3 OvpB in the Left-Right Symmetric Model

with the amplitude from the initial state to the final state. There are assumptions
to make the matrix element physical. For instance, the s-matrix experiences a in-
finitesimal scattering time compared with the initial states coming from the infinity,
and we use the interaction vacuum in the interaction picture. One can find these
prerequisite knowledge in any of the quantum field theory text books in, e.g. [19]. In
the effective theory, one can obtain the dimensionless coupling by using the negative
mass dimension coefficients so as to make the Lagrangian perturbatively renormal-
izable [20].

We use Feynman diagrams to simplify the exploration of the amplitude. We have
already seen from the experiments that the half-life limits of the neutrinoless double
beta decays are really high. The possibility of finding these decays is somehow very
small. So we only calculate the tree-level contributions in this thesis.

4.3.1 Tree-Level Contributions

Consider the neutrinoless double decay at the quark level 2d — 2u+2e~!. Therefore
the tree level diagrams should have six legs with two in-going d quarks, two out-
going u quarks, and two electrons. Due to the perturbation renormalizable theory,
there should be four vertices. Here are the brief steps to calculate the Feynman
rules and so as the amplitude: (1) For any given Lagrangian, one can use path
integral to obtain the action and form the generating function. (2) Calculate the
correlative functions by doing the functional derivative. For example, the two-point
Green function is just the propagator. The rigorous process of looking for Feynman
rules is somehow complex and not intuitive. However, we can observe the possible
interactions directly from the Lagrangian (3.2). The kinetic terms have the form of a
linear Green function and give the propagators under the choosing gauge. We could
have fermion propagators, W/Z boson propagators and Higgs scalar propagators
in our Lagrangian. The vertices, which are amputated (without the in-going and
out-going momenta into the vertex), can be found in the fields interaction terms,
e.g. in the lepton kinetic term we have iLy" (5 - WM)L for the lepton-W boson
interactions. This shows a three-leg vertex with two leptons and one W boson.
If we do the derivatives with respect to three fields, we obtain the vertex as well.
In this matter of fact, we will have the interactions: lepton-W/Z boson, lepton-
Higgs triplets, quark-boson, quark-Higgs, boson-boson self-interaction, and boson-
Higgs. We can combine these external legs, propagators, and vertices to find all the
permutations. There are books and papers for Feynman rules, for example, in the
SM there are [30, 103, 104, 105], and in the mLRSM there is [67]. Details of the
calculation of Feynman diagrams, especially the propagator of Majorana neutrinos,
are in Appendix E.

The Feynman rule of the Majorana type propagator has a different form than the
Dirac neutrino propagator. We show the result here, and one finds the derivation
in Appendix E.
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4 Neutrinoless Double Beta Decay

dp —»——»— UR
Wgr
>— €p

\
1 v; Nj

>— €p
Wr

drp —»—<—»— UR

Figure 4.5: “Right-Right” case with two right-handed W bosons

v; IN; —i(p +my
[ —<<%—>»— ] Pr— (v 5 ) P,.C (4.58)
pT—my, Nt
v; IN; —iC~(p+m,
L —» X< T ¥ ’,N)PL (4.59)

Let us draw Feynman diagrams. We have learned in the quantum field theory
course that the Feynman diagrams do not carry physical meanings such as time
flow, reaction flow, reaction procedure, etc. It is only a diagrammatic way to show
the contributions. There are six tree-level diagrams contributions for different in-
termediate propagators. Four of them interact with two W bosons and contain
neutrino propagators, see Figures 4.3,4.5, and 4.6,4.7. The other two include the
Higgs boson as a propagator and W-Higgs interaction, see Figures 4.8 and 4.9.

dj, —»———»— UL
%43
> e

A 4
AVi N;
> ¢p
¢ W
w A
Wi,

d, —»—<—»—ug

Figure 4.6: “Left-Right” case Figure 4.7: “Left-Right” case
A-Contribution n-Contribution

Let us determine the amplitude of each diagram. We have discussed the amplitude
of the standard mass mechanism (4.43) in section 4.2. Now let us similarly write
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4.3 OvpB in the Left-Right Symmetric Model

dr

dL dR

Figure 4.8: Left-handed  charged Figure 4.9: Right-handed charged
Higgs scalar Ap, Higgs scalar Agr

down the effective amplitude A of figures 4.5,4.6,4.7,4.8,4.9. We use the superscript
to distinguish these equations. The complete discussion and approximation will be
given when we calculate the differential decay rate in section 4.3.2.

Heavy neutrino propagator (RR case)

Following Equation (4.15) and (4.20), we could write down the effective amplitude
of Figure 4.5.

. m L UeQz 7 = u\c/. — v
Ai?f) — iGH () (=2, @ ()7 (1 + )€ (p2) - T4 T8 (4.60)

mwg mn;

where J%, J are the right-handed hadronic currents with (1 + +°) exchanged in
Equation (4.19). In the heavy neutrino exchange case, the neutrino propagator
can also be integrated out due to its large mass. The propagator therefore reduces
to a constant, i.e. a vertex-like point. Since the Fermi constant G includes the
left-handed W boson mass, we need a coefficient if we still want to use the Fermi
constant when we integrate out the right-handed W boson. The chirality in each
vertices are right-handed yet identical, which leaves the diagram unchanged after
exchanging the momentum of the out-going electrons. This is the same argument
with that in the LL case.

Light-heavy neutrino mixing (LR case)

There are two main processes: the A-Contribution and the n-Contribution. The first
aspect we pay attention to is the left-right chirality exchange in the LR process. The
propagator includes light-heavy neutrino mixing. The mixing can be represented
by the neutrinos mixing angle. There are different assumptions of the chirality
exchange propagator. One of those is that the propagator contains both a light
neutrino and a heavy neutrino [35]. The mechanism could be this: the “vacuum”
generates the massive field through SSB. This nonlinear mass is described by the
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4 Neutrinoless Double Beta Decay

mass matrix. In another way of saying, Higgs boson interacts with the neutrino
field to give it mass. Different chiral neutrinos are produced in the process and the
left-right chirality exchange is one of the contributions. In this case, we could think
about one Majorana neutrino 7, = (T, (vg)°) with left-right mixing [36]. They
mix through correlation angle transformed in mass eigenstates, see Equation (3.80).
Under this assumption, we can write the neutrino propagator as

SE = (0] Ver (1) Ver(x2) 0)
~ (0| vy (1) sin Oy g(x2) |0)

. d4p —1p- xr1—I2 _Z(p + mV)
=~ —Slne/ (27T)4e Pe( )PLmPRC (4.61)

cos sin@\ (vip\  [Ver

(— sin@ cos 0) (VQL) N <y§R> (4.62)
cost sin@\ (vir\ (Vg

(— sinf cos 0) <V2R> - (VeR) (4.63)

vy, V5 are mass eigenstates with light and heavy mass, respectively, where we can
see that the right-handed electron-type neutrino gives a coefficient sin 6 to the right-
handed light neutrino part v,g, that leads a sin é in the propagator. For simplicity,
we only consider one generation. In the general case, if we consider the conventional
three generations, the transformation matrix is a 6 x 6 matrix. The transformation
matrix can be written into a block matrix and the mixing angle is still between
the correspondent generations. In (4.61), we also ignore the heavy neutrino contri-
butions since it involves a heavy neutrino mass in the denominator, which leads to
much smaller contributions compared to the light neutrino one. We can also simplify
Equation (4.61) to the effective propagator, and write in the momentum space:

where we use the mixing,

and its conjugate,

. i
SH* ~ sin6 pizPRC (4.64)

where the in-going neutrinos are considered. The mass part in the nominator of the
neutrino propagator vanishes while the momentum part remains.
—i(p +my,) —ip

Pp————+FPr=———"7-7T"—"P 4.65
Lp2—m3i—|—ie f p* —m2 +ie f (4.65)

When we consider about different channels (in Ov5/ in our thesis, there are s-channel
and u-channel), we need to exchange the out-going momentum of out-going electrons
(p1 <— p2). In the propagator (4.64), this keeps the 0-component and adds a minus
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Figure 4.10: 4 A\-Contributions of LR case
sign to the spatial part.
Po—7-7 w+p-q 466
2 - 2 (4.66)

p p

There are more contributions as well in LR case: the chirality at each vertices in
Figure 4.6 can be L-R or R-L from the upper to the lower. All the contributions
of LR case are in Figure 4.10. From the Figures 4.10a to 4.10d, we write down the
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amplitudes of the correspondent leptonic parts with hadronic currents.

L 2u(p1) (1 + ) vuprut(p2) I (21) TR (22) (4.67)
2. [u(p2)(1+v5)7.(vop’ + 7 - D) ()] T2 (w2) Jj (1) (4.68)
3. a(p1) (1 — )Py “(p2) Jp(21)J] (2) (4.69)
4. [a(pa) (1 = 5)7 (v0p” + 7 - Py (p1)]" Tg(2) I} (1) (4.70)
where the effective amplitude includes the same coefficient iG2 V . We also

change the Lorentz indices of gamma matrices from contravarlant to covarlant SO
that the indices are placed in the same subscript. This change is mathematically safe
since the amplitude or decay rates are scalars, i.e. all the indices will be contracted.
Next, we consider the n-Contribution. The n-diagrams also contain the exchange
of the different chiral electrons and the chirality exchange of the lepton-boson ver-
tices. Therefore we should also have 4 diagrams similar to Figure 4.10 and the
leptonic part of the two contributions diagram should be identical. The differences
come from: (1) the NME and (2) an additional W, — W5x mixing angle &y from
Equation (3.41). The n-diagrams are in Figure 4.11. We can easily write down the
electron wave function and the hadronic current parts following (4.67) to (4.70):

Lo a(p) (1 + ) vuprout (p2) Jr (21) J1 (22) (4.71)
2. [u(p2)(1 4 v5)7.(vop® + 7 - D) (po)]" 4 (22) J7 (1) (4.72)
3. u(p1)(1 — v5) vy’ (p2) J1 (71) J1 (22) (4.73)
4. [@(p2) (1 = 75)7 (vop” + 7 - D)y (p2)]" J7 (22) 7 (1) (4.74)

:—|

where the coefficient iG% V2, sin §W has been taken away just for simplicity.

Charged Higgs scalar intermediate interaction

In Appendix E we give the Feynman rules for the W-Higgs vertex and the lepton-
Higgs vertex. We can assume that the Higgs scalars do not propagate. The scalar
type propagator of Higgs bosons “squeeze” to a point and left the constant which
is proportional to reciprocal of the charged Higgs field. We have obtained the two
charged mass in Equation (3.31). The amplitudes are

Aty =8iGLV —V—w(plmePLu (p2) Jur (1) T} (22) (4.75)
VR VR
1 __ /

Al =8i G?*“Vfdy_zus(pl)YeePRus (p2) Jur(w1) Jp(2) (4.76)
R

where the VEVs in the nominator come from the W boson-Higgs vertex and Y. is
the first component of the diagonalized Yukawa matrix (E.5) and (E.4). However,
it is not tough to write down the effective amplitude from Feynman rules for all
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Figure 4.11: 4 n-Contributions of LR case

the diagrams. In this section we only give a quick glance at how we can obtain the
effective amplitude. In the next section, we will calculate the scattering matrix and
the differential decay rate step by step.

Combining the diagrams and amplitude expressions, we can match with the 4-
fermions effective Lagrangian. The couplings would include the mechanisms. The
effective Lagrangian can be explicitly calculated from the path integral of the ef-
fective action. However, one can also simply write down the effective Lagrangian
from each diagram, i.e. the 6 dimensional effective Lagrangian should be propor-
tional to EL,RWMdL,RZL, rY"lr r and the 9 dimensional effective Lagrangian should
be proportional to three currents %y, rv,dr, rUr,rY.dL,REL,RY €L,R, Where | can be
the charged lepton field or the neutrino field. There is only the first order of the
hadronic currents that the pure V' 4+ A is taken into account. We can define the
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effective Lagrangian as

Gr . . . .
Leyy ZE(ELLJLujg + €rrIrud g + Nirpd sy + NJruJL)

2
F

\/§mp

where m,, is the proton mass. We have used the Fierz identity in forming the

Lagrangian, more details see Appendix D. The hadronic currents .J are defined in
Equations (4.19) and (4.60), and the leptonic currents j are defined as

+

(eapirdouy + €apirdrutt) (4.77)

ey (1 =) = ji ey (L +7")v = jp (478)
el —~")e = ji. e(1+7°)e = jg

The coefficients A and n are couplings of A-contribution and n-contribution respec-

tively. They are not the same couplings as those in 2v53 in Equation (4.8). The

couplings in our derivations are

mpp my My,
€LL = E VudUei—— €RR = E VudUei’— 1
- Me - mu, | My,
m2
WL . .
A= E vudUei m2 S111 61/ n= E VudUei S111 £W (479)
i Wr i
4
o Yveemp VL o }/;emp mWL
€A, = E Vid———— €Ap = E :‘/Ud—Q 1
- Vg VR - VR My,

where Y., is the electron component of the diagonalized Yukawa matrix in section
3.5, see Equation (3.73). One can also find some hints in other papers, e.g. [12].
These couplings can be constrained by the experimental half-life, see section 4.4.

4.3.2 Derivation of the Decay Rates

The Standard mass mechanism (LL case)

We have shown the derivation of standard mass mechanism decay rate in section
4.2.

Heavy neutrino propagator (RR case)

Let us derive the differential decay rate in the RR case that includes a heavy neu-
trino as the intermediate propagator. The heavy neutrino only appears in the BSM
when the right correspondent symmetries or hyper symmetries are introduced. The
heavy mass we utilize here is proportional to the right-handed Higgs VEVs (3.86)
from the seesaw mechanism. This offers a constraint on the heavy neutrino mass
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4.3 OvpB in the Left-Right Symmetric Model

scale. Moreover, the argument of the heavy neutrino mass in section (3.5) manifests
mpy, 2 300GeV, which is much greater than the neutrino momentum. The mass
part dominates in the denominator of the neutrino propagator (E.17) with heavy
mass, p° = (/P2 + m?\,i ~ my,. Effectively, each right-handed propagator provides

mWL
mw

parity invariant in the mLRSM, the couplings g; and gr are considered equal. In
the RR case, Figure 4.5, the analysis of chirality projection operator is equivalent
to the LL case. It is not difficult to write down the matrix element of the RR case
in perturbation theory. Compared to Equation (4.29), the RR matrix element is
expressed as

a coefficient ( )? since the Fermi constant is with respect to my,. Due to the

. . mw _ s
TAGF 1) =GR () Vi Now Now (013 (149350 (2)
R

X /d3x1d3x2eiﬁl'fliﬁ2'f2 2iUei 1 /d%eiﬁ(ff)
MN; (27T>3

X [ D (FITa(@) [Na) (Nal TR (2) [8) + {f] T (2) [ No) (Nal Jp(21) [3) ]

n

x 218 (Ey + p) + py — E;) — (p1 +— p2) (4.80)

Due to the large mass, the propagation will not last too long. The long wave ap-
proximation thereby is still available. The denominator for the nuclear part reduces
to my, due to its large mass and is combined with the neutrino part. Additionally,
the two hadronic current correlation remains unchanged for the sign.

R (T1) JR(72)
= 8(F — Fn)0(F2 — F) T v (629" — 9a(a)o7 9" gv (a°) g0 — 9a(a)o]" g
= 3 6@ — )07 — Fo) T g — g (4.81)

The exchange of the momentum of the out-going electrons in RR case also produce
a factor 2. Next we should redefine the neutrino potential function. Similarly do
the integral as in (4.36).

1 R e J—
(27‘()3 /d3peZp~(a:1—x2) = —ZWTZEPH(RR)(Tnma En) (482)

where the definitions of parameters are same as in the LL case (4.36). The electron
mass m, and proton mass m, are introduced to keep the NME dimensionless, see
RR case NME (4.85) [12, 106]. The neutrino potential is

_ 1 9 0o 2 3
H(RR) (/r‘nm’ En) _ R / p Slnprnm dp (483)
MeMy Tpm Jo P
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4 Neutrinoless Double Beta Decay

We can now insert Equation (4.82) and (4.83) into the Equation (4.80). It becomes

LAGE i) =G () V2 - Ny, Ny (pr) (1= 7)o (p2)

Wgr

Zi Ue21 mem T —n —n 1
ST S P H 1, BT (55— 3] )
O(Es + ) +py — Ei) (4.84)

The definition of the NME is unlike the standard mechanism one. This is the
consequence of the large mass scale of the heavy neutrino comparing to the decay
energy.

RR RR RR
M(gu ) - M(g’u,G)T - _M(gv F)
94
RR) __ n _ —m
Mgier =Y (N HE (1, B o6 - 57 [Ny) (4.85)

RR =\ _n._.m
MO(U,F) = Z <Nf| H(RR) (rnm7 En)T+T+ |Nz>

n,m

Put Equation (4.85) into (4.84), use trace technology and calculate the absolute
square. Although the leptonic part in the RR matrix element has 1—~° in difference,
the absolute square of this part is equivalent. The absolute square is

NE U2, myy, GV
1A | = sz OV, — gy cosc)

eff my, ¢ P2(2m)SE By R2
(rRR)|? 0 0
X ‘MOI/ ‘ 6(Ef +pi +py— E) (4.86)

2

define —N> = %:nN The differential rate is

(3

2 o, Mw, 8GFVdgA

EE
‘ p(mWR (2m)5 R? (Er Bz =
X F(Z +2,E))F(Z + 2, Ey)py1pa sin EdEd Ey (4.87)

v 1 ? 2
dF?RR) :‘ W‘ ‘MéfR) p1p2 cos §)

where F; = p?, E5 = p) are electron energies.

Light-heavy neutrino mixing (LR case)

A-Contribution. We have showed the four contributions in Figure (4.10). The
amplitude of the lepton part with hadronic currents is in Equation (4.70). Let us
first simplify the amplitude. The exchange of the out-going fermions provides an
additional minus sign, which is the same mechanism of changing the field position
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4.3 OvpB in the Left-Right Symmetric Model

in wick theorem [19]. Therefore, we combine the four equations.

)
(1 = 75)7 (v0p” + 7 - D) yuus(p2) Jf (x2) T (1) (4.88)
(1 =) vupyuu(p2) Jp (1) Jr (22)
( )7 (Y0P° + 7 - P) v us (p2) g (2) Jf (1)
The momentum exchange from 1 to 2 also defines the time ordering in the hadronic

current. Combining the first line and the last line, We will have the hadronic current
(1-4) with the potential integral as

/d3x1d3$2ei(pﬁ-xﬁ+p5'13)%/d3 [peiﬁ'(f1f2) <f‘Jf(f1>JE(fQ)|Z>

2(2r P P+ By — Mi+ie
o+ T P TEE (7] Ty() @) 1) ] (4.80)
P’ P4+ Ep — M+ ie

We have use the residue theorem 4.22 and thus only the on-shell condition has been
taken into account. In the amplitude (f| A(E??_A) i), we need to add the coefficient,
the electron wave function, the chirality operator, and the neutrino mixing angle.
The amplitude is given explicitly in the subsequent calculation. Let us now focus
on the integral. If only the S-wave of 07 — 07 is considered, the approximation
et PiTi4r2%2) o | can be used here as well. However, it is necessary to consider the
first order expansion of the electron wave function: e *Pi-#i+P272) ~ 1 —j(p} -2} +p3 -
Z3) instead of only the zeroth order, if we think about the relativistic correction of
the hadronic current [107]. We will only consider the zeroth order of the expansion
and the p° component of the neutrino momentum for the pure 0% — 0% transition in
this thesis. The spatial component p provides an odd parity while the two electrons
provide an even parity, which the final states are indeed not 0" states. Let us
still consider the non-relativistic impulse approximation of the hadronic current, see
Equation (4.30). The integral becomes

| [yt
p — Enl - Enll
2(27T)3 p+pg+En_Mi p+p(1)+En_Mi

DT v (@9 + 9a(@)a7 g lgv (@) g — ga(a®)o"g" |1y (4.90)

We can further simplify the integration part to

L /dgpv()eiﬁ(’?"_?m) P D3 (4.91)
2(2m)? P+ A1) (P + As)
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4 Neutrinoless Double Beta Decay

times the hadronic current part, where A; 5 = p(l),2 + E,, — M;. In the intermediate
process with E,, the momentum of the neutrino is usually > 20MeV while A, , are
usually only a few MeV [107]. Therefore, the integration (4.91) has the following
relation with the neutrino potential (4.37) in the LL case,

1 P —ph 1 (P~ m)
Boree? (Tn=Tm) L ~ 0_ .0 /
2@n) 5 [ G+ AN+ Ay~ oW Pgas | PGy

::voOﬁ-—zﬁ)gﬂf{ (T Em) (4.92)

where A =p+ E, — % H (Tpm, E,) is the neutrino potential function in LL
case, see Equation (4.38). Inserting the integral (4.91) into (4.90) and combining

the chirality in Equation (4.88), we have

ﬁ[(l +95)p) — (1 +75)p3] X H(rpm, Ey)

ﬂE:uﬁgv 09" + ga(a®)o7 9" v (a*) g™ — gala®)oTg”] i)~ (4.93)

where Ay, = —p}, — E, + M;. We use the same calculation procedure for terms
(3-2) in (4.88). Considering the chirality operator and the Lorentz indices in the
hadronic current, we will obtain

0= 4] Hr )

f|Zm+ av ()" — ga(@®)or g Ngv(a®)g" + ga(@®)olg"] i) (4.94)

The contraction of the Lorentz indices between the gamma matrices and the cur-
rents is derived using the anticommutation of the gamma matrices from the Clifford
algebra (4.32) and (F.3). Collect all the gamma matrices and use one of the orders
ur as an example,

Y0V I T =Y0Y0Y IO — W Yoyu ST I
=Y0Y0 Y I T + York I T
=0Ty — 00T T;
=% ij£:7474 g (q*) = ga(a) (@™ - 7)) |i) (4.95)

The subscript k refers to the spacial part. In the third line, we also change the
metric gy; = dim{—1,—1,—1} to a delta symbol for the Euclidean summation. The
%(y,ﬁy — %7Y,) part does not give a contribution since the hadronic currents are
commute in the summation. Then we can define the NME with the same form in
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4.3 OvpB in the Left-Right Symmetric Model

the standard mechanism, see (4.40).
M = M (4.96)

We will keep the indices (LL) and (LR) to make the results clearly match the
processes. Combining Equations (4.93) and (4.94) with the Lorentz indices and the
NMEs, we have

1 LL
m%(p? - pg)giMév ) (4-97)

Now we retrieve the coefficient and the wave function to obtain the full expression
of the matrix element.

2
LR=X) |- my : 1 _ c
(1A i) =GR Vg sin by - Ny, Ny = (5 — )T (b1 )70us (p2)
Wr
x MER) om6(Ep + 90 + pl — E) (4.98)

The absolute square of (4.98) after using trace technology is

(f] AEE= iy ‘2 —(We yi gin2 g M(po — p9)2(pIPS + pipa cos € — m?)
eff mWR V4(27T)6p(1)p(2)R2 1 2 12 e
(LR)|? 0, 0
x [ai | 5B+ ph + 98 - B (4.99)

where the trace technology of the leptonic part is

1
ZTT[(Z% +me)Yo(ph — me) 0] = Pivy + pipa cos € —m (4.100)

where the coefficient 7 is to remove the overcounting of spin permutations. The

PNy

differential decay rate is
ov 9 (MWL 4|y A(LR)|? GpVaadh 2 2
dl'( g =sin Gl,(m—WR) Mg, W(El — Ey)*(E1Ey — mZ + p1pa cos§)
X F(Z 42, E1)F(Z + 2, E3)p1pe sin {dEd By (4.101)

where we rewrite the electron energies pi = Ey, p3 = F.

n-Contribution. From Equation (4.70) and (4.74) we can clearly find out that the
neutrino potential and the trace of the electron spin states of both contributions
are identical. However, there would be a plus sign in between the time ordering of
the hadronic current, since the hadronic part satisfies Jy (x1)J} (z2) = J} (x2)J7 (21)
when contracted with g,,. Thus, we will have the same NMEs as those in the
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4 Neutrinoless Double Beta Decay

standard mechanism LL case (4.40). The amplitude in this way is

o |
(FLAST |1y =GRV 63 sin g, sin&y - Ny, N, 5 P+ P ()00 (1)

x M, 28 (B + p) + 15 — Ey) (4.102)

where the NME is defined as

MR — MR 4 j—VMéf?? (4.103)
A

The GT and F parts of the NME have the same definition as the A-contribution.
The differential decay rate is

2 G Vg
2(27)°R?
X F(Z + 2, El)F(Z + 2, EQ)plpZ sin fddeQ (4104)

dry (LR—n) — = sin*,, sin® §W’M(§£R_n) (B + E)* (B Ey — m? + pipy cos€)

where we again rewrite the electron energies Fy o = pY,.

Charged Higgs scalar intermediate interaction

When engage with Higgs scalars, we have two contributions: Figures 4.8 and 4.9.
The transition matrix elements combined with the quation (4.76) and the approxi-
mations becomes

]_I/L]_

(P A i) =iGHVAGANy, Ny Yea s 2y (pr) (1= 77 (p2)

Vi VR
x My, P6(Ey + Y + pS — E;) (4.105)

mw 1 1 < s
{f |Aeff| i) _ZGQVdgAN 1szYee(mWZ) —IQ%E puf(p1)(1 +75)U (p2)

x My,"3(Ey + p) + 15 — E;) (4.106)

where the NME of process 07 — 0 has the similar definition as RR case. This is
obvious since we consider the non-propagating heavy particle mass scale in effective
theory. The differences come from the coupling at the vertices and the mass scale of

the W boson propagator. The left- and right-handed Higgs scalar cases are identical
in the NME as follows.

(Ar/Rr) (Ar/Rr) gV (Ar/r)
M, v = M, v - M v
° WET gy E (4.107)

(AL/r) RR (AL/r) RR
MOv,é/TF :Mév,G)T MOU,;/R :Mév,F)
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4.4 Phase Space Factors and Nuclear Matrix Elements

where the minus sign in the first line is for the left current NME and the plus
sign is for the right counterpart. Since the Higgs-lepton vertex coupling provides a
neutrino mass, we only need one mass unit to compensate the unit in phase space
factor, where we set the dimension of the phase space factor to [t7!]. The absolute
squares with trace technology are

Ap a2 2 o o L v 294GEV,y
’<f| Aot |Z>‘ =(Yee) mempggw(ﬂf% — p1ip2 cos§)
2

x ‘MSVAL) (B +pY +py — E) (4.108)

U

12 mw, s o o1 294GV
f AeAR T =(Y..)? EYomim, — — M
1A 10 =Y e 2T

2
X ‘Méf’*)

(EyEy — pipacosé)

8(Ey +pi + 1y — Ey) (4.109)

the differential decay rates are

2 1 v? 4¢4GLVA
(%e)%?%y—%—éwwl& — p1p2 cos§)
RVR

X F(Z + 2, El)F(Z + 2, Eg)plpg Slnfdngg (4110)

v A
ary, =|

2 2 L 494GV

mw A
dFOV: L822M(R) Y;ae E E —
Agr (mWR) memy, | Mo, ( ) V;l{ (27T)5R2 ( 142 pﬂ?gCOSf)
x F(Z +2, B))F(Z + 2, Es)pips sin £dEd By (4.111)

In assumption that vg is really large, the charged Higgs scalar processes are sup-
pressed because of the very small coefficient ;14— If we consider the assumption

vr > v which is used in discussing the smallness mass of the light neutrino, the
decay rate of left-handed charged Higgs mechanism will be really small and thus the
Ay, will be suppressed. In the assumption where my, > myy,, the right-handed
Higgs scalar process is suppressed due to the very small front factor.

4.4 Phase Space Factors and Nuclear Matrix
Elements

Let us reorganize how we can calculate the differential decay rate. From the Fermi
Golden rule we aware that the decay rate is proportional to the integral of the
transition amplitude. When the initial and final states are settled, we can play
around of any intermediate states that are allowed. However, we need to sum over
all the possible amplitudes in order to obtain a total rate between specific initial
and final states. In neutrinoless double beta decay with six fermions interaction
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4 Neutrinoless Double Beta Decay

u,u,d,d, e, e in the mLRSM, we could have light, heavy, light-heavy mixing, and
Higgs scalars in the middle states. This allows us to write the total amplitude A

A% = AT ARR) o AR 4 A8 4 g8R (4.112)

the transition amplitude square will be

[CF1AY 1) P = | CFLAED )|+ (] ACDT| ) (F| ABR) 3]
[l AEBT ) (FLAER )| 4 (] AEDT|f) (f] AR [3)]
| Gl AEBT ) (FLABR (i) | + |(FLAFR )|
+[ (6| ABR|£) (F] AER i) | + |(G] ARBT|£) (F|ASE 3| (4.113)
(] AR FY (F| AR i) | + | (f] AEP )|
) AEBYFY (F]ABE 3] + |G ACRIT[£) (| ABR |3)|
) CFLABE )|+ (] ASEE £ (F)ABR )| + |(F] AR [3)]?

The terms have only one type of cases of the amplitude such as | (f] A% |4) |2 which
are the pure terms. The terms with two types of amplitudes are called interference
terms, e.g. (i AEDT|f) (f| AB® [5)|. In this thesis, we calculate the effective
amplitude of all the pure terms. One could use the same argument as in the thesis
to calculate the rest coupled terms. This can be done by continuing researches.

Phase space factors

We can now write down the phase space factor for each pure case with differential
decay rate we have come by. Together With the standard mechanism (4.51) and
Equations (4.87), (4.101), (4.104), (4.110) and (4.111), the phase space factors are

GV ghm?
Gl (Q,2) = “m2(2n) R dT1 Slnﬁdf(E1E2 P1p2 cos §)pip2 (4.114)
x F(Z + 2,E1)F(Z s Ey)
G Vangam?
Gt Q- 2) =315 om)2 1 / i, [ sngde (B~ pmcostnr g

X F(Z+2,E)F(Z+2,F)

GLVig
Ov udJ A
Gilr—\(Q,2) = —21n2 o 5R2/ dTl/ sin €d€(Ey — Ey)*(ByEy — m? + pipy cos€)
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GLVig
Glir_n)(Q, 2Z) W;TI?RQ/ dT1/ sinEdé(Ey + Ey)*(EyEy — m? + pipa cos€)
X plng(Z + 2, El)F<Z + 2, Eg)
(4.117)
o (Q,Z) W/ dT/ sin €dé(Ey By — pips cos €)
A\ In 2(27)5 R 1 142 — P1P2 P1D2 (4.118)
X F(Z+2,E)F(Z+2,Ey)
2G4 VA ghm? (9 i
Ov dJ A :
Gian(@,2) = m ; dTl/O sin {d§ (£ Ey — pip2 cos&)pips (4.119)

x F(Z +2,E,)F(Z +2, Ey)

where we redefine the phase space factors in LL and RR case with additional m?
to make the unit in each phase space factors identical. The the Phase space factors
have the dimension of t~!. We can derive this in the LL case as an example, G has
the unit of the mass m~2, R has m~!, and the integral provides m®. Thus the total
unit in (4.114) is [m=8m?*m>m?>] = [m] = [t~!]. The half-life without the interference
terms proposed in (4.113) is expressed as

S mgsl? L wn)|? o My mw, sl BB o
L 1Y 20 el T (e y8)| gy (BB
2 |<mN>|2 MWy

(Ts

1
2

. myy LR— v
+ sin? Gy(m—W;)4‘ L ) G(()LR )
m2
m
+ Y| _4_5 + (Y, G (4.120)
VR VR Wr Vi

where we write the phase space factor as G = G(Q, Z) for simplification. One
can also write the Yukawa coupling Y., as the heavy neutrino mass my, [12], see
section 3.5. However, we will keep the Yukawa coupling here. We can see that
the coefficients match with the coefficients in the effective Lagrangian (4.77). The
coefficients of each term can be constrained by comparing the experimental limit of
the half-life with the theoretical result of NMEs and phase space factors [12]. We
can calculate the phase space factors numerically from Equations (4.114-4.119). The
NMEs are not calculated in the thesis, so we would take from the literature [106].
In order to take the NME numerical result, we should redefine our NMEs and phase
space factors to match the form in the literature. The half-life expression will not
change, i.e. we only define the NMEs with/without some constant numbers by
dividing/multiplying the numbers to the phase space factors. After values of NMEs
and phase space factors are obtained, we can keep only one of the term in (4.120)
and force other terms to zero to get the upper limit of the coefficients. The upper
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4 Neutrinoless Double Beta Decay

NME ‘ PSF ‘ Coupling

MEED 312 | G%, 0.96 | [mygl <0.19eV
MG 21313 | Gl 0.96 | erp < 4.60 x 1078
MR 312 | G%, \ 520 |\ < 1.64x 1077
Mg 2,00 | Gl 40.6 | <7.31x 1078
MY 21313 | G¥, 385 | ea, <2.30 x 1078
ME® 21313 | GY 385 | ea, <2.30 x 1078

Table 4.2: Numerical results of NMEs, phase space factors (PSF), and couplings for
136Xe. We have set the component of the CKM matrix V,; = cosfc to
1. The original numerical value of My, g7 and My, r are taken from this
paper [106]. The NMEs and the couplings are dimensionless, and the unit
of phase space factors is 107yr~!, where yr refers to years.

limit indicates how possible the mechanism will take place in Ovf33 process. In
the standard mechanism coupling e, in (4.79), if the relation Vg = U, = 1 is
taken [68, 108], we can obtain a upper limit of the mass of the electron neutrino.
The numerical results of 13¢Xe are in Table 4.2.

Nuclear matrix element

The NME is usually complicated to calculate analytically and needs to be obtained
from numerical simulations and sensitivity experiments [109, 110]. In this thesis,
we only consider the S-wave emitted electron wave functions S 1 i.e. the first order

contributions. The zero spin change of the S-wave suggests the only 0t — 0%
transition, where the hadrons contain only vector and axial vector currents. In a
more precise derivation, the P wave P is also considered as the second order for

2
0" — 0", where we have the hadronic currents with the different combinations of
the emitted electron wave functions [89].

V2518, 1 g} — g5G1 - G
2515, : gx2/ :FQ,%ﬁl - O
1 — —
(51P2 - P152)T12/R : 9‘2/ + 9,24(501 02 — 2512) (4-121)

(51P2 + P152)7“+12/R : ngA(51 - 52) : (flz X 72+12)
23152 . ngAf'lg . ((53 X DQ — 0 X D1>

where S; and P; denote the electron radial wave functions of S 1 and P% respectively.
These wave functions are combinations of solutions of the Dirac equation of out-
going electron wave functions with specific nuclear potential [89, 90]. The notation
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is r = % The vector operators are defined as
F+nm :Fn + Fm
1 (4.122)
D is the nuclear recoil current,
D, =V + (2w
gv
. L . 4.123
:pn + ﬁn — ug0on X (pn — ﬁn) ( )
2M

where pug = kg + 1, and kg = 3.70 is the isovector anomalous magnetic moment
of the nucleon. V and W stands for the vector current and the weak magnetism
current, respectively. A well established method for NME calculations is the QRPA
(quasiparticle random phase approximation), see References [106, 111, 112].

4.5 Energy Spectra and Angular Correlations

The single electron kinetic energy spectra and the angular correlation are two useful
measurable quantities in Ov3/ decay [113]. They can be used to classify the decay
processes and the contributions of theories [114]. Let us explicitly derive the formula.
We can divide a dF5 on both sides of the differential decay rate equations for each
case and integrate the correlation angle. After the integration, there will be only
one parameter which is one of the electron energy. On the other hand, one can
integrate the differential decay rate with respect to the energy and the correlation
angle then perform a derivative with respect to the energy to obtain a energy depend
differential decay rate spectrum. Let us take the standard mass mechanism cases
for an instance. Divide dF, by Equation (4.49) and integrate the angle &,

2
5, Imag

) |*CrVadh
MOV <7T)5R2 F(Z + 27 El)F(Z + 2, E2)2E1E2p1p2 (4124)

where E; can be written in terms of Fy: E; = Q + 2m, — Fy and E? = p? + m2.
The NME can be considered as some number which is calculated numerically in
some papers [115, 116, 117]. In this case, the coefficient and the NME as well as the
neutrino effective mass can be normalized to a factor, and the shape of the spectrum
will only depend on the leptonic part,

driy,
dE,

) — CLF(Z + 2, E)F(Z + 2, B2)2E, Espip» (4.125)
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where Cp, is short for the rest multiples of Equation (4.124). In other cases, We
can also rewrite the number parts into factors Ce.ses, and they are

(kg
dEQ = CRRF(Z + 2, El)F(Z + 2, E2)2E1E2p1p2 (4126)
dF?ZR*A) 2 2
T = CLR,)\F(Z + 2, E1>F<Z + 2, EQ)Q(EI - EQ) (ElEQ - me)plpg (4127)
2
dF(()ER—n) 2 2
dT = OLR—UF(Z + 2, El)F(Z + 2, EQ)Q(El + EQ) (ElEQ - me)plpg (4128)
2
dF((]ZL)
d—E2 :CALF(Z + 2, El)F<Z + 2, E2)2E1E2p1p2 (4129)
dr((]ZR)
dE2 :CARF(Z + 2, E1>F<Z + 2, E2)2E1E2p1p2 (4130)

From the above equations we can see that the leptonic parts of the LL, Ay, Ag
cases are equivalent. We now show the single electron kinetic energy spectrum
in Figure 4.12 (a)(c)(e) on the left penal. The x-axis is the normalized kinetic
energy (Ey — m,)/Q, where @) is the decay energy. Thus in this case, the x-axis
is drawn from 0 to 1 instead of m. to @) + m,. if we choose E5 to be the x-axis.
In the normalized differential decay rate, only the leptonic parts contribute to the
shape of the spectra. In the above five cases, we would only have two different
shape of spectra, drawing in Figure 4.12. The shape of the LR-\ case should be
different from the other cases due to the factor (F; — F5)? [113]. Figures 4.12a and
4.12e shows that the two electrons in these cases have a tendency to gain the same
masses. However, in the A-contribution shown in Figure 4.12c, the two electrons
are prevented to have the same masses. Next, Let us derive the expression of the
angular correlation. The differential decay rate contains the structure 1 + cosf. In
the standard mechanism (4.49) for example, the differential decay rate contains two
parts Ey Es — pyps cos € that only one part contain the electron coupling angle €. We
can define two coefficients as ag and a;. Then we can rewrite the differential decay
rate as
dFOV aq

d(cos&)dEs = ol + a_g cos¢) (4.131)

where we put all the coefficients and NMEs in ag, a; in each case. The ratio Z—(l) which
only includes the difference between the cos ¢ term and the no-angle term is defined
as the angular correlation factor. For example, in the LL case (4.49) and the LR
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4.5 Energy Spectra and Angular Correlations

case (4.101) (4.104), this factor is

a1 P1P2

LL:— = — 4.132
Qo E1E2 ( )
ay P1p2

LR:— = —F—"7— 4.133
agp ElEQ — mg ( )

respectively. The angular correlation factor in the RR case and in the charged
Higgs scalar cases (Ar,Agr cases) are exactly the same as the one in the standard
mechanism (LL case), i.e. Equation 4.132. The A-contribution and n-contribution
have the same angular correlation, Equation (4.133). The angular correlation figures
are presented in the right panel of Figure 4.12. We also take the normalized kinetic
energy as the x-axis. The negative angular correlation as well as Figure 4.12b show
that the two electrons tend to be emitted in the opposite direction in these cases,
while the two electrons in LR cases with positive angular correlation are tend to be
emitted in the same direction. However, the angular correlation in LR cases maybe
not hold in more precise approximation. In the A-Contribution, the electron wave
function we took is the plane wave function, and only the first term in the expansions
was taken into account, i.e. e 1 #17#2%2 ~ 1 This rough approximation gives the
same angular correlation shape in A and 7 cases. One could also use a more precise
approximation that takes the first two orders: e 18172 %2 o 1 — ) - 7} — s - o,
which will provide different angular correlation spectra in the two contributions due
to the factors (B} — Ey)? and (E) + E»)? [87, 118].
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4 Neutrinoless Double Beta Decay

aqlag
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Figure 4.12: (a)(c)(e): normalized differential decay rate spectra. The shapes of the
spectra of LL, RR, LR-n, Ay, and Ag are identical. The only differ-
ence is the Ciuses value before the normalization. (b)(d)(f): angular
correlation factor. The angular correlation of the A-Contribution and
the n-Contribution are the same in the zeroth order approximation of
electron wave functions e 71#1=#2:72 ~ 1_ If the higher orders of the ex-
pansion series are considered, we will have different angular correlations

in A and 7 cases, see [87, 113].
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5 Summary and Conclusion

In this thesis, we have studied the mLRSM from model building and calculated the
differential decay rate of the Ov53 decay under the mLRSM. The mLRSM has been
naturally introduced when we encountered the right-handed currents and considered
parity restoration at some high-energy scale. This model gives an explanation for
the smallness of the neutrino mass from the type I+II seesaw mechanism. The
charged leptons masses are proportional to the VEVs of the Higgs bidoublet (see
Equation (3.66)). The light neutrino mass can be related to the VEVs of the Higgs
bidoublet divided by the heavy Higgs triplet VEV, see Equation (3.86). Thus, this
possibly indicates the relation of the light neutrino (3.88), which provides a not so
large right-handed W boson that could be observed from experiments.

Ov (5 being a lepton number violation process is a very practical way to determine
the nature of the neutrinos. The probability amplitude explicitly depends on the
underlying mechanism of Ov5 decay. Therefore, it is worth calculating the differ-
ential decay rate. We have calculated the differential decay rate in the mLRSM in
chapter 4. This decay rate calculation is under the low-energy effective approxi-
mation, where we supposed the propagating energy to be O(100MeV) < my,. We
have shown all the possible tree-level contributions in the mLRSM graphically in
Figure 4.3, and from Figure 4.5 to Figure 4.9. The amplitudes of each process have
been given in section 4.3 by using the Feynman rules given in Appendix E. Then
we derived the differential decay rates and the total decay rates from the transi-
tion probabilities. These expressions can be used to put constrains on the single
interaction coefficients. The numerical values of the phase space factors have been
calculated and are presented in the second column of Table 4.2. We matched the
mLRSM onto the effective low-energy Lagrangian in Equation (4.77). The corre-
sponding low-energy coupling constants are given in Equation (4.79). The numerical
values of the upper limit of these couplings, in the reference to the latest data from
KamLand-Zen, are given in the third column of Table 4.2. The expressions of the
couplings, e.g. in (4.79), depend on the mechanism and the physical models. There-
fore, we are planning to research more proper models and to look for the underlying
mechanism of the BSM in the near future.

We have drawn the single electron kinetic energy spectra and the angular correla-
tion figures in Figure 4.12. The different shape of the A-contribution in the energy
spectra is due to the factor (E; — F5)2. The Figure 4.12a and 4.12e shows that
the two out-going electrons in standard mass mechanism and 7-case are more likely
to possess the same energy, while in the A-case Figure 4.12¢, shows that the two
electrons tend to have different energies. The angular correlation of the chirality ex-
change cases (LR cases) has the (14 cos &) type while the other cases have (1 —cos¢)
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5 Summary and Conclusion

type correlation, which gives the shape of LR cases (Figure 4.12d and 4.12f) differ
from the standard mechanism (Figure 4.12b). It follows that in the LR case, which
features a positive angular correlation, the two electrons tend to be emitted in the
same direction while in the other cases, the two electrons tend to be emitted in the
opposite direction due to the negative angular correlation.

There are also some aspects that can be improved in a future study. The inter-
ference terms of different diagrams in (4.113) can be calculated in order to obtain a
full half-life expression. The electron wave functions, instead of using the plan wave
approximation, can be solved directly from the Dirac equation. However, the Dirac
equation is difficult to solve analytically, instead, we can solve them numerically
through programming.
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A Explicit Higgs Potential in mLRSM

The full Higgs potential in Equation (3.2) would be (one can also find some other
version here [59, 63, 64, 73],

V($,6, AL, Ar) = =3, Tr[67¢] — i, Tr[o6 + 6¢] + A (Tro!¢])?
+ Mo Tr[616 + 6T Tr' 9] + Ao { (Tr[66])* + (Tr[6'¢])* }
+ Moo Tr 6] Tr[d1 ] + Xjyy Tr[¢ ¢l g
+ )‘1211(T1"[¢T§5¢T¢] + Tr[eb*cbc%*czﬁ]) + >‘,1122Tr[¢T¢¢;T<5]
— WPTR[ALAL + ARAR] + o { (AL AL + (Tr[ARAR])?}
+ po{ Tr[AL AL TH[ATAT] + Te[AgAR| Tr[ALALT}
+ psTr[AL AL Tr[ALAR]
+ pa{ Te[AL AL TH[ARAL] + Tr[A AR TH[AT AT
+ ap1 Tr[pT o] (Tr[AL AL] + Tr[ALAR])
+ aggTr[ ](Tr[AT Ar]l+ Tlr[AT ARg))
+ a1 Tr[pf g + oF o] (Tr[AT AL] + Tr[ATLAR])
+ Bua(Tr Al AL¢¢T]
+ Bia(Tr[AL AL ool + Tr[AL ARG
+ Baa(Tr[AL ALodt] + Tr[ALARGTO
] A
]
]

[ + Tr[ALARG¢))

(Tx| [ ¢l +
(Tx| [ 9]

+ 711 (Tr[AL 9A R T] + Tr[ALOA 6]
(Tx| [ ]
(Tx| [ ]

Tr[AL ALs'¢) + Tr[ALArdsT)
]

)
)
+ 712(Tr[AL ARG + TH[AL A R'])
+ Yoo (Tr[A] dA ST + Tr[ALOA L) (A.1)
where the coefficients satisfy the following relations to ensure the Hermicity and

left-right symmetry, also we change some of the subscript to simplify the writing,

Hi2 = f21 = 2 Al = A\ Al211 = A2
A212 = A2121 = A3 A221 = Mg /\/1111 = )\,1
)‘/1211 = /\I1121 =X\ )‘/1122 = )‘g a1 = Qg
(A.2)
Qg = Qi1 = Qg Qoo = (i3 B = B
P2 = Bor = Bo Bao = B3 M1 =N
Y12 = V21 = 72 Y22 =73

88



Some equivalent terms have been neglected in Equation (A.1). For example, con-
sider the terms Tr[¢'¢] and Tr[¢pT¢], for each terms they are Hermitian and can
be regarded as different single terms. However, because of the trace property, we

can see: Tr[(020*02) (0207 03)] = Tr[oa¢T 02020% 03] = Tr[¢T ¢*] = Tr[(¢70)*], if ¢Te

leaves real, then we have Tr[pT¢] = Tr[p!¢]. More practical, if we insert the VEVs,

@io=(y o) (5 0)=(" 5 (A3

which is automatically left real. It is obvious to see from the above that the potential
V' is complicated in general writing. Thus, it is better to insert the VEVs first and
then discuss which terms are equivalent. Moreover, since we only need the diagonal
elements of the matrices, the VEVs of Higgs bidoublets are rigorously used to tell
if two terms are equivalent. However, the hermicity and parity conjugate symmetry
should be discussed at the first place, i.e. we need to keep the potential Hermitian
and left-right symmetric. For instance, the term —u%zTr[ng(E + &Tqﬁ] is Hermitian,
but the single term (¢Tp)" = ¢Tp # ¢ is indeed not Hermitian.
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B Explicit Calculation of Higgs Kinetic
Terms

The explicit derivation of this interaction from the kinetic term is

Tr[(DuAL) (DFAL)] + Tr[(DuAR) T (D*AR)]

Lé—&- 5++
:Tr[(ﬁﬂ <\/§gL L )

15t
V2oL
19 (Wiea(0] - 07 ") = iWaru(9] + 67 — 2501 Wiry — iWar,)
2 500 Wiry+iWar ) ~Wiru(0] = 677) +iWaru(67 +077)
, Lé—&- 5++
+1ig B, <\/§0L _i5+> )T
L V2 L
L(S'f‘ §++
x (o | V2" H
< ( b —%az)
Lo (WG =07 — W03 +077)  —Zap(Wh — i)
2 Z501 (Wi +iW5;) W0 — 07 ") + W3 (o + 07 F)
, L(S-i- 5++
+ig'B" \/goL _iéJr )]
L V2 L
Ld-&- (5++
+Tr[(8u (@OR _£5+)
R 2R
L Wiru(0g = 0") — iWaru(dg + 05 ") — 750k (Wiry — iWar,)
2 H0r(Winy +iWap,) Wi (0% — 057) + iWapg . (6% + 647)
, L5+ 6++
+ig B, (@OR _j5+> )T
R 2R
L5+ 5++
X (8# (@01% _554-)
R 2R
L 19 (Wir(Ok — 07 ") = iW3r(0% + 05 ") — 750k Wik — iW35)
2 F50r Wik +iW35) —W{R(6% — 05") + iWiR(% + 0% ")
o (V3OR ORT
+1ig' B" \/?50 gt )] (B.1)
R V2R
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we will have 9 terms inside each trace. We can use the trace sum property to trace
each term one by one. For example, the partial derivative term is combined as

L(SJF ot f L5+ ++
oy \/EOL _i 5t o+ \/goL _i 5t After calculating the traces of all the
L 2oL L 2oL

terms and summing together, we have the interactions of the left-handed fields

Tr[(DuAL) (DFAL))
— 0,07 0"67 + 0,000"6% + 0,011 0,67+
g 0 . 0 ig 0 .
+ —0,0[WHE (89 — 61) —iWh (69 + 6] + —==670,6% (W +iWh
ﬁuL[ 1L(L L) ZQL(L L)] ﬁLuL( 1L ZQL)
- Z—Zagauaf(wlﬁg — W) +ig'5) T B0 +ig 60 BR,80

7

1 'S 'S
+ 53“[(%5?)5? + (9405 )07 ] + §W1L,quLL(5% — 61+ §W2L,uW5L(5g +051)?

. . 1
+ g6 (Wi — iWar ) (W + W5 ) + Egg'WlL,uB”@% —0;7)0f

1 1 .
+ EQQ/WM,#B#((S% + 5Z+)51+, + 599'5252(‘/‘&# - ZW?L,#)B#
1
- SO (Wasa+ W) B — i 5,0 — i B,0°51 — i 51 5,05}
99 5150 — 5t B, — L5 (50 1 51 B + 9L 50 B (W 4+ W)
ELLLulLﬁLLLuzLELLumZQL
99’ . 2
= 5OLOL Bl = iWE) + g*0[* BB + 90" BB + "6, B, B
(B.2)

The trace of the right-handed Higgs scalar kinetic term is identical in the form as the
left-handed one with only the right-handed subscript in difference. Introduce the
upper and lower gauge fields VVLi R= \%(Wl L.rEiWsp ) to simplify the equation. If
we consider the VEVs v and insert this into the (B.2), we will find the couplings of
the interactions, i.e. the amputated vertex expressions. For instance, the coupling
of the gauge bosons-Higgs three-leg vertex comes from

S (0] = 017 + G War IV 6] + 61
:g;%(quWf’“ W Wi 4 2W 5 W) (097 + 657 — 26967
_%Q%WL?WZ P W W = 2WE W (807 + 8+ 28061 )
=g WE W6 +6777) = OVE W+ W, W )88 (B.3)
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B Explicit Calculation of Higgs Kinetic Terms

We can collect all the upper and lower terms and decouple to the pure fields com-
positions in order to obtain the mass terms and vertices. The second term of (B.3)
shows that the W*W*5;" vertex is proportional to —ig”*vy /.

Inserting the VEVs into the traces, we have

TH{(D,6)! (D)) = Tv

2% 5), m

O =R2[(Wap, — Wsg)? +2WF W] — 26k W, Wi

where {» and © are equations,

— 2 KW W+ 262 W W (B.5)
O =K2W} W + (War — War)?] — 266 Wi W, "
— 26" KW W + 26 W Wt (B.6)

14 b

in the off-diagonal parts do not contribute to the trace, so it is not necessary
to express it. This term becomes

4 2
g 2 g 2 -,
(D) (D#0)] = T (w2 4 W)Wy, — Wi)? + (52 4 W W W
2
+ %(52 + KW Wit — Pre' W, Wit — P W Wi

(B.7)

Similarly, we have for the second kinetic term,

2 2 2y, 2 2 2
Tr[(DuAL)T(D“AL)]:Tr g9 ((W1L + War, )yL + 4ur W

4 v 2(Wi + W2L2))

X —o2WH v 2 . X —o2WH v 2 .
o (T ) B aan, (T )

0
X2 2 VL2 0
+ —¢"B,B" ( 0 0 (B.8)

4
this is
T{(D, AL (D)) = L3 (War? + War?) + 02 WE, — Xog 2BV,
" XTQQ’Qv%BuB“ (B:9)
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And the third term,

2 ((Whg? + War?)vg? + 4vp?Wsg?
Te((D,AR) (DF AR = T | £ ((Wir + Wer')ve” + dve*Wan
r[(DuAR)( Rr)] "1 < R2(Wir® + Wag?)
X L (—2Whug? X , —2WhovR? ...
+Zgg ( 0 By + 4ggB# 0
X2
+ Tg""B B (”R )] (B.10)

2
Tr[(D,AR) (D" AR)] = %V?%(WlRQ +War?) + g°veWip — Xgg' v B, Wi,
X2
+ TQ’QV%BMB“ (B.11)
We can see from the calculations, that the parity of the left and the right is invariant.
Left-handed and right-handed gauge fields are symmetric and commute under “L -
R” or “R - L. This is also the reason why one can choose either order in Equation
(3.32). The Wi 5 terms and W1~ have an equivalent relation,

2 _ 2 _
Wy iL,r T w3, R = VVL+ +Wog = QWJL,RWL,}g (B.12)
Sum all three terms, we have

Tr|( )1(DFg) + (D#AL)T(DMAL) + (DuAPJT(DHAR)}

9 g’
= (k4K +2UL)WELMW (s 2(

K24 K%+ W)W Wpt

2
P T2 w4 W+ L W

[

2

4

_ %(I{) + I{/2)W3LW3R — 92/€/€,WL_7MW]—%’—’#

— ¢*kK Wg}uW;’“ — X g4 (viWsr B, + viWag , B")
X?

+ Tgﬂ(yg +v%)B,B* (B.13)

These were taken into use in the main part of the thesis.
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C “Integrate Out”

The “integrate out” method is widely used in diagrams or processes that contain
large massive mode fields and relatively light modes, where the heavy mode degree
of freedoms can be reduced to the mass point as the first order of the expansion
series [119]. Mathematically, the “integrate out” procedure indicates to extract out
the free terms (terms without the integrating parameter, usually the first term) of
the integral after the Taylor expansion. Let us explicitly derive the formulation by
considering a toy example with two coupled scalars. The Lagrangian density of the
system could be

Lot (®,0) = 0,00°B + 0,600 + TMP 4 Tms? 326 (C)

®, ¢ are the heavy mode and the light mode, respectively, which we suggest M > m.
The last term A®@? refers to the couple of the two fields, and may indicate the decay
process from the heavy mode to the light mode. The dimension of both fields are one
power to the mass [¢p] = [®] = m, i.e. the coupling A in the term has the dimension
to mass instead of dimensionless. The generating functional of the system is

Z[@7¢] = /ngD(I)e_S[(D‘b] :/D¢e_seff[¢] (C2)

We are calculating in the 4-dimensional Fuclidean space so a minus sign has been
taken into account in the exponential through wick rotation iz® — —z° [19]. We
have ignored the normalization factor for simplification. The action in this way is

S[®, 9] = / d“x%(aucba% + 0,00" ¢ + MO* + m¢® + \0p?) (C.3)

the effective action in the generating functional is obtained by integrating the heavy
mode . Now we perform this integral carefully:

/,D(I)es[@@ :/,D(I)efd4x[©(8u8“+M2)q’+A@¢2]eSo[¢] (C.4)

We have used the fact that the integral to the total derivative in the whole area
goes to zero because the Lagrangian satisfies the equations of motions, i.e. the
Euler-Lagrange equation. Define G™' = —9,0* + M?, and G is the Green function.

(—0,0" + M*)G(x —y) = §(x —y) (C.5)
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where the functional integral with respect to ® is a general Gaussian integral [20].
We will obtain:

/D¢e—3[¢,¢] — Co [ '3 (0ud0" o+mp?+ 3 NGt (C.6)

where C = (de(tQ(;G):ll))_% is the factor of the functional Gaussian integral. The solution

of the differential equation (C.5) in the momentum space is

i 1 i i p? pt
G - = o~ — (1= — 4+ = C.7

where we use the assumption p?> < M? in the heavy mode. Insert (C.7) into (C.6)
and (C.2), and only consider the first order.

/nge Sersld] oy /ng — [ d*2 5 (0u0" p+med?+5 11z A?¢%) (C.8)

In this aspect, the effective action in the generating functional is independent on the
heavy mass ﬁeld <I> The ® degree of freedom is contracted into the self-interaction
term coupling 2 3 M2 The coupling is dimensionless, which makes the Lagrangian
purterbatively renormalizable. Thus, the effective field is mathematically reason-
able. The effective propagator is widely used in particle physics. In this thesis, the
effective action of a fermion-heavy boson interacting model is

Seff = \/_ ddxddnyRJL R, (Cg)

where J = U'OU?, and O are the operators representing vector, axial vector,
pseudo-vector, and so on. Gp is the Fermi constant. The diagram in this way
reduces to a “4-fermion” self-interact vertex, see Figure C.1.

Figure C.1: graphic of “Integrate out” from a fermion-boson full theory to the first
order effective theory

Here are only some basic derivations for the effective action. There are papers
and lecture notes for discussions on the effective theory, for example see [120, 121]
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D Fierz Transformation

Fierz transformation is based on Fierz identity where any bilinear product of two
spinors can be rewritten into a linear combination of the products of bilinear spinors
with the correspondent coefficient. This rewritten is mean to look for the composi-
tion in the spanned space so as to transform the formula and reduce the techniques
calculation. Instructively, Fierz identity allows one to change the spinors position in
a Lagrangian or an amplitude, or some other physical product by choosing the com-
binations and adding the coefficient. Fierz identity was first introduced by Markus
Fierz in his paper for discussing beta decay process [122]. Readers can find the
details in several lecture notes or articles [123, 124, 125]. We mainly follow [123] in
our thesis to show a brief derivation.

The products of two spinors are categorised by various of hadronic and leptonic
currents with different operators. These currents are choosing physically so that they
are Lorentz-invariant bilinear covariant. Define a general product of two spinors as

e7(12) = ¥, Ty (D.1)

['* is the operator that determines the type of the product. The subscript I stands
for the type. The conventionally used types are (first words in each line stands for
the product type)

scalar :I' =

vector :['},* = 4*#

tensor ;T30 = o" /vV2 (u < v) (D.2)
axial vector :I'; * = iy#y®

pseudo-scalar :-I'p = 7°

where v#, 7% are gamma matrices and gamma-5 matrix respectively. And o*” is

?

2

ot

V"] (D.3)
where the superscripts in each operator are Lorentz indices. For example, I''=* gives

all the operator with the count from 1 to 4, i.e. I'', I'?, '3, T'%. From the definitions
of five types (D.1), we now define the simplest quadrilinear products

er(1234) = n7et(12)eq(34) (D.4)
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where the coefficients are

1 I=8VP
V2 I=T

With the coefficients we have (D.4)

es(1234) = (Y102) (V3¢4)

ey (1234) = (V17"1h2) (g yutha)

er(1234) = (V10" 1hs) (130, 14) (D.6)
e(1234) = (V1" y502) (g7 75¢4)

ep(1234) = (1y5102) (V3754)

Now we are going to use Fierz identities to transform the quadrilinears into another
one that contains different order of the spinors in the bilinear products, i.e. transform
the basis of spinors by considering all the linear expansions of operators in the
spanned space. The Fierz transformation of the spinors basis order is expressed as

e(1234) = ) Frye;(1432) (D.7)

where Fj7; are numerical coefficients, and I,J run over S,V,T, A, P. The Fierz
transformation behaves equivalent as basis transformation in matrix algebra where
er(1234) can be written as the linear combinations of e;(1432). In order to gain the
coeflicient, we first add the matrix indices

n%€](12)ab6[(34)cd = 77,?] Z F]J@[(14)adej<32)cb (DS)
J

then contract with ex(41)g4a€x(23)p. and relabel the index K — J, we will obtain

n? 1
Fy,=—L
0216

ni
J

Tr[T$TT ol )

where we use the properties of gamma matrices and introduce f;;

{777} = 29" Laxa
TI"[FCILFJb] = 4(5[]5? (Dl())
4T Ty, = f1,1%

Finally, combine Equation (D.9) and (D.10), we have the coefficients in the matrix
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D Fierz Transformation

form
i1 1 11
4 4 8 4 4
1 -5 0 -5 -1
Fy=3 0 - 0 3 (D.11)
-1 -1 0 -1 1
S s e |
4 4 8 4 4

For instance, the scalar quadrilinear with spinor order (1234) can be rewritten in
the new order (1432) as

es(1234) = i[es(mz) + ey (1432) + %eT(1432)) — e4(1432) + ep(1432)] (D.12)
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E Feynman Rules

Here is the vertices we use in this thesis:
dr(r)

WL_(R) i
_E’YMQL(R)P L(R)Vad
UL(R)
UL(R)
Wir) .
—E’YMQL(R) PrpyV"™

dr(r)
R lL(r)
>ﬁ i
- E%QL(R) Pr(r)
Ir L(R)s VL(R)
Wi

ALw) ;
”””” 2
- \/ﬁgL(R) VL(R)

Wiin)
(R
- 7_7_7 -0 Mdlagp
> Ar L(R) \/_VR )
Iy
(R)
w a
a b ig® — (1— ) ZF
b 2 2

p* — myy — i€

(E.2)

(E.3)

(E.5)

(E.6)
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E Feynman Rules

where usually € = 0 is the Landau gauge and € = 1 is the Feynman gauge. One
can choose any gauge, but the physics of the Lagrangian, e.g. EoMs (equations of
motions) will stay unchanged. We will use Feynman gauge in our calculations.

The propagator of the Majorana neutrino is not the same as the Dirac one’s.
We give the propagator and the calculation below. L, R refer to the chirality of
the vertices sandwiching the propagator and Pp, p are the correspondent projection
operators. C'is the charge conjugate operator. v, N give the light or heavy neutrinos.

v; N; —i(p + m,
L —<=>Xx—>»— |, PL ) (p 5 7N_> PLC (E?)
pT—my, Nt e

Now we derive the neutrino operator from the two point correlation function in
the position basis [103]. Before doing it, let us first derive the Majorana spinors
completeness relation. From the property of the Majorana field we have

U =0T
= Cl(ve™) 1]
= Cfpe~P*]T
— oileie

= ue " (E.8)
then this implies,
u=Cv" (E.9)
also in another way around, we have
v=Cu’ (E.10)

then the completeness relation goes
> ulp, )" (p,s') = ulp,s)(Cu" (p,s')"
= ulp, s)u(p,nC"
= is(zZ;ij)c (E.11)

where we use normal fermion completeness relation ) u(p, s)u(p, s’) = p + m and
the property CT = —C'. Explicitly, the sum over calculation concludes the transpose
of the spinor since u and v are vector like quantities. We can use the same rules to
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obtain the rest relations. Combining with those Dirac spinors’, the relations are

> @ (ps)o(p,s') = C(p— M) Zv p.s)u(p,s’) = CH(p+ M)

s,s’

ZU b,s b, s ) _(p - m>C
Zus p,s)u’(p,s) =p+m Zﬁ(p, s)v°(p,s) =p—m (E.12)

S

The two point Green function goes
(0] T(VIL(JUl)Vz'L(sz)) 0)

d3p ipyx ip1-x
=(0|T / ; OZ (P (pr, $)e™ 7+ al (py)un (py, 5)e ]

&3 ‘
/ p2 20 Z as(p2)urr (p2, $)e” "> + al (pa)vyr (p2, 5)e™* 2] |0)

d? 1 d 1 ,
:/_p1 —/ e —eﬂpl'mlewmZUzL(phS)Ul'L(p%S/)

(2m)32p0 J (27)? 28
0] ag(pr)al (p2) [0) + (1 4> 2,1 > 1')
:/ (CZ);?»z_]lgge_ipm / é?)zsgiptz)eipm;UZL(M’S)WL(Z% s")(2m)?2p16° (91 — )
+ (1 2,110) |

d3p1 1 —ip1-(z1—22)
_/(27r)32_pge ’ > winlpr, s)ovn(prs) + (14 2,1 1) (E.13)

8,8’

SS

where we use the general quantized wave function of fermions,

va(T) = / (gﬂlgg 2%30 > [as(p)ua(p, )e™ ™" + al(p)va(p, s)e™*] (E.14)

and the commutation relation,

[as(p1), al(p2)] = (2m)°2p38%, (6 — 1) (E.15)

and we also take a|0) = (0]a’ = 0. Inserting the completeness relation back into
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E Feynman Rules

the propagator we obtain,
O T (viz(x1)virr(22)) [0)

dp 1 : ,
= / B P~ (g +my)PLCe P @) (o, ) PO )]
1

(2m)3 2p8
e i +my)
_ —ip1-(@1=a2) p ) b E.16
/ ) g (E.16)

This first-ordered propagator is considered as two in-going neutrino from the electron-
boson-neutrino vertex that “meet” each other to propagate. This is only reasonable
when we are dealing with the Majorana particles. For other cases, e.g. two out-
going DV or one in-going with one out-going vv, the C' operator is rearranged in the
equation, and the normal fermion part of the propagator remains the same [103].
The neutrino mass m,, is in fact the effective mean mass (m,) = >, UZm,;. The
out-going neutrinos propagator (0| T (v (z1)vrr(z2)) [0) is

v; N; —iC~ Y p+m,
L e p, 2T (P )

PR — P, (E17)

Equation (E.17) and (E.7) are the propagators in the momentum space. Again
to emphasise, the projection operators come from the vertices in two ending sides
of the propagator. We use the left-handed neutrinos propagator as an example for
the calculation, generally, one does not need to consider about the chirality in the
pure propagator derivation. However, the chirality reduces the expression of the
propagator. Take (E.17) as an example.

PL - (? - 7N‘) PLC — ’75 . (p > 7N‘) ")/5
p°—m, y + e 2 pP—myy+ie 2
_ ) A mun (51—
p?—m y +ic 2
TN pC (E.18)

p? — m?,’N + i€

where we the anticommutative relation of Dirac matrices {7°,7,} = V57, +7.75 = 0
and (75)% = 1.
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F Trace Technology

Trace technology is to calculate the completeness summation of spinors. It is the
gamma matrices and its combinations. One can find the mathematical interpretation
and the detailed calculation in text books or lecture notes, for example, see chapter
5 of [19]. There are properties we consider in the trace technology (A,B... are
arbitrary square matrices):

Tr[A + B] = Tr[A] + Tr[B] (linearity)
Tr[A] = Tr[AT] (F.1)
Tr[ABC] = Tr[BCA] = Tr[CAB] (cyclicity)

The cyclic property works for any number of matrices. Here are traces for gamma
matrices in 4-dimensional Minkowski space.

Tr[1] =
Tr[y" ]
Trlany odd umber ofy#] =0
Tr[y*y"] = 49"
Tr[y"y” 7 V7] = 4(g" 9" — " 9" + g"7g"")
Tr[vys] = (F2)
Trh”v”%] =0
Tr[any odd number ofy#v;] =0
Tr[yHy "y 5] = —4ie??
Tr[v*" 7] = Tr[-29"] =0
Tr[y" " y] = Tr{4g™] = 8
Tr[y*y" "y yu] = Tr[=2777"9"] = 0
where €77"7"” is the Levi-Civita tensor. We also use the Clifford algebra
{777} = 26" Lixa (F.3)
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F Trace Technology

The trace of the leptonic part in LL (4.44):

> T (p2) (1= 97)eauy(pr)uSa(p1) (1 + 7 )abvy (p2)

s,s’

=k — me)oe(1 =7 ea@h + Me)aa(l +7)ab

Ly = m)(1 =7 + )1+

ZQETI.[]%H/Z]
=2(p1 - p2)
=2(Ey Ey — p1p2 cos§)
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